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SUMMARY 
The p r i m a r y o b j e c t i v e of t h e r e s e a r c h r e p o r t e d i n t h i s t h e s i s i s 
t o i n v e s t i g a t e t h e p o s s i b i l i t y of a p p l y i n g l a t t i c e - t h e o r e t i c c o n c e p t s t o 
t h e c h a r a c t e r i z a t i o n of some s t r u c t u r a l p r o p e r t i e s of l i n e a r t i m e -
i n v a r i a n t m u l t i v a r i a b l e d y n a m i c a l c o n t r o l s y s t e m s . 
Based on t h e known f a c t t h a t t h e s e t of a l l s u b s p a c e s of a 
f i n i t e - d i m e n s i o n a l l i n e a r v e c t o r s p a c e 1/ o v e r an a r b i t r a r y f i e l d forms 
a comple t e complemented a t o m i c modula r l a t t i c e 1(1/) w i t h t h e b i n a r y 
o p e r a t i o n s of i n t e r s e c t i o n n : 1(1/) x 1(1/) 1(1/) and summation 
+ : 1(1/) x L(l/) 1(1/), v a r i o u s s t r u c t u r e s of t h e l a t t i c e s of i n v a r i a n t 
s u b s p a c e s of V r e l a t i v e t o d i f f e r e n t t y p e s of l i n e a r o p e r a t o r s a r e 
i n v e s t i g a t e d and d e s c r i b e d . N e c e s s a r y and s u f f i c i e n t c o n d i t i o n s f o r t h e 
f i n i t e n e s s of t h e s e l a t t i c e s a r e g i v e n and e x i s t e n c e of l i n e a r o p e r a t o r s 
which g e n e r a t e d e s i r e d s t r u c t u r e s of i n v a r i a n t s u b s p a c e s i s d i s c u s s e d . 
P r o p e r t i e s of t h e l a t t i c e of i n v a r i a n t s u b s p a c e s a r e t h e n r e l a t e d t o 
s t a t e c o n t r o l l a b i l i t y , o u t p u t c o n t r o l l a b i l i t y , o b s e r v a b i l i t y , s t a t e 
u n c o n t r o l l a b i l i t y and o u t p u t u n c o n t r o l l a b i l i t y p r o p e r t i e s of l i n e a r 
t i m e - i n v a r i a n t d y n a m i c a l s y s t e m s . In p a r t i c u l a r , t h e s e t of i n p u t 
m a t r i c e s f o r which t h e s y s t e m i s c o m p l e t e l y c o n t r o l l a b l e and t h e s e t of 
o u t p u t m a t r i c e s f o r which t h e sys t em i s c o m p l e t e l y o b s e r v a b l e a r e 
c h a r a c t e r i z e d i n t e r m s of t h e s u b l a t t i c e s of 1(1/). 
A l a t t i c e - t h e o r e t i c r e p r e s e n t a t i o n of Ka lman ' s s t a t e s p a c e 
c a n o n i c a l d e c o m p o s i t i o n scheme i s g i v e n and some s t r u c t u r e s of t h e a s s o ­
c i a t e d l a t t i c e d i a g r a m a r e d i s c u s s e d . 
Some a d d i t i o n a l l a t t i c e s w i t h s p e c i a l s t r u c t u r e s t h a t c o n t a i n t h e 
l a t t i c e s of i n v a r i a n t s u b s p a c e s a s t h e i r s u b l a t t i c e s a r e i n t r o d u c e d . 
Using t h e s e l a t t i c e s , g e n e r a l i z e d c o n t r o l l a b i l i t y and o b s e r v a b i l i t y s u b -
s p a c e s of t h e s t a t e and o u t p u t s p a c e s of t h e d y n a m i c a l s y s t e m u n d e r c o n ­
s i d e r a t i o n a r e c h a r a c t e r i z e d . 
F i n a l l y , a p p l i c a t i o n of t h e p r o p e r t i e s of t h e s e l a t t i c e s t o 
p e r f e c t o u t p u t c o n t r o l l a b i l i t y , f u n c t i o n a l o u t p u t c o n t r o l l a b i l i t y , 
unknown- inpu t s t a t e o b s e r v a b i l i t y , f u n c t i o n a l i n p u t o b s e r v a b i l i t y , n o n -
i n t e r a c t i n g c o n t r o l , d e c o u p l i n g , and o t h e r f e edback c o m p e n s a t i o n p r o b ­




1 .1 S t r u c t u r a l P r o p e r t i e s of L i n e a r Dynamical 
S y s t e m s : L i t e r a t u r e Survey 
In t h i s t h e s i s t h e b u l k of our r e s e a r c h e f f o r t w i l l be d e v o t e d t o 
a l a t t i c e - t h e o r e t i c i n v e s t i g a t i o n of some i m p o r t a n t s t r u c t u r a l p r o p e r ­
t i e s of l i n e a r t i m e - i n v a r i a n t m u l t i v a r i a b l e d y n a m i c a l c o n t r o l s y s t e m s 
whose e v o l u t i o n i s gove rned by v e c t o r e q u a t i o n s of t h e t y p e 
x ( t ) = A x ( t ) + B u ( t ) 
(S ) 
y ( t ) = C x ( t ) • + D u ( t ) , 
w i t h t h e m a t r i c e s A, B , C, and D c o n s i s t i n g o n l y of c o n s t a n t r e a l e l e ­
ments.. 
By a s t r u c t u r a l p r o p e r t y of a d y n a m i c a l s y s t e m we mean a p r o p e r t y 
which depends p r i m a r i l y on t h e i n t r i n s i c s t r u c t u r e b u t n o t on t h e i n p u t s 
and o u t p u t s of t h e s y s t e m . The i m p o r t a n t s t r u c t u r a l p r o p e r t i e s of 
i n t e r e s t f o r o u r work w i l l be state controllability, output controlla­
bility, perfect output controllability, observability3 and unknown-input 
state observability. 
Roughly s p e a k i n g , state controllability means t h a t i t i s p o s s i b l e 
t o t r a n s f e r t h e s y s t e m from an i n i t i a l s t a t e x a t t i m e t t o any f i n a l 
2 
s t a t e a t some l a t e r f i n i t e t i m e t ^ by t h e use of an a d m i s s i b l e i n p u t . 
Outpu t c o n t r o l l a b i l i t y has a s i m i l a r meaning w i t h r e s p e c t t o t h e o u t p u t 
o f t h e s y s t e m . The paramount i m p o r t a n c e of t h e t h e o r e t i c a l a s . w e l l a s 
p r a c t i c a l a s p e c t s of t h e c o n c e p t of c o n t r o l l a b i l i t y i n t h e r a p i d l y 
e x p a n d i n g d i s c i p l i n e of c o n t r o l s y s t e m s t h e o r y i s w e l l e s t a b l i s h e d and 
n e e d s no f u r t h e r e l a b o r a t i o n . There i s an abundance o f l i t e r a t u r e on 
t h e s u b j e c t of c o n t r o l l a b i l i t y of l i n e a r dynamica l s y s t e m s . Z u n d e [ 7 2 ] , 
a l o n g w i t h a comprehens ive l i s t o f p e r t i n e n t r e f e r e n c e s on c o n t r o l l a ­
b i l i t y , p r e s e n t s t h e c h r o n o l o g i c a l deve lopment o f t h i s c o n c e p t . 
Perfect output controllability- i s d e f i n e d a s t h e c a p a b i l i t y o f ; 
r e p r o d u c i n g , by t h e o u t p u t o f a d y n a m i c a l s y s t e m s u b j e c t t o c o n t r o l 
a c t i o n s , any member of a g i v e n c l a s s o f t r a j e c t o r i e s . The c o n c e p t of 
p e r f e c t o u t p u t c o n t r o l l a b i l i t y which was f i r s t i n t r o d u c e d by B a s i l e and 
Marro [ 6 , 9 ] i s e s s e n t i a l l y a n a l o g o u s t o t h e c o n c e p t o f f u n c t i o n a l r e p r o -
v 
d u c i b i l i t y p r e v i o u s l y i n v e s t i g a t e d by B r o c k e t t and Mesa rov i c [ 1 6 ] , 
Rosenbrock [ 5 8 ] and o t h e r s . B r i e f l y d e s c r i b e d , r e p r o d u c i b i l i t y r e f e r s 
t o t h e a b i l i t y o f a s y s t e m t o a c h i e v e , w i t h i t s o u t p u t s , s o m e t h i n g which 
i s d e s i r e d of i t . For e x a m p l e , f u n c t i o n a l r e p r o d u c i b i l i t y r e f e r s t o t h e 
c a p a b i l i t i e s o f a s y s t e m w i t h r e s p e c t t o t h e g e n e r a t i o n of s p e c i f i e d 
t ime f u n c t i o n s ; a s y m p t o t i c r e p r o d u c i b i l i t y r e f e r s t o t h e p o s s i b i l i t y o f 
a p p r o a c h i n g a d e s i r e d b e h a v i o r w i t h i n c r e a s i n g t i m e ; p o i n t w i s e r e p r o ­
d u c i b i l i t y r e f e r s t o t h e p o s s i b i l i t y o f a c h i e v i n g a d e s i r e d v a l u e . o f t h e 
o u t p u t a t some one p o i n t i n t i m e and i s t h e same a s c o n t r o l l a b i l i t y i n 
common t e r m i n o l o g y . However, t h e s t a t e s p a c e a p p r o a c h a d o p t e d by B a s i l e 
and Marro [ 9 ] f o r t h e p u r p o s e o f i n v e s t i g a t i n g t h e c o n c e p t of p e r f e c t 
3 
o u t p u t c o n t r o l l a b i l i t y , a s w e l l a s t h e r e s u l t s and c o m p u t a t i o n a l 
a s p e c t s , a r e somewhat d i f f e r e n t . 
The c o n c e p t o f observability i s d u a l t o t h a t o f c o n t r o l l a b i l i t y . 
G e n e r a l l y s p e a k i n g , o b s e r v a b i l i t y means t h a t i t i s p o s s i b l e t o e s t i m a t e 
t h e i n i t i a l s t a t e of t h e s y s t e m from a r e c o r d of t h e o u t p u t . Us ing t h e 
D u a l i t y Theorem of Kalman [ 4 0 ] , i t i s p o s s i b l e t o d i r e c t l y o b t a i n most 
of t h e r e s u l t s c o n c e r n i n g o b s e r v a b i l i t y from s t a t e c o n t r o l l a b i l i t y . In 
e s s e n c e , t h e D u a l i t y Theorem s a y s t h a t a s y s t e m i s c o m p l e t e l y o b s e r v a b l e 
i f and on ly i f t h e a d j o i n t s y s t e m i s c o m p l e t e l y s t a t e c o n t r o l l a b l e . 
Unknown input observability h a s a s i m i l a r meaning e x c e p t t h a t i n 
t h i s c a s e , a s t h e name i m p l i e s , some o r a l l o f t h e s y s t e m i n p u t f u n c ­
t i o n s a r e c o m p l e t e l y unknown. In p r a c t i c e , many c a s e s o c c u r i n which 
some of t h e i n p u t v a r i a b l e s a r e i n a c c e s s i b l e , so t h a t we can c o n v e n i ­
e n t l y d i s t i n g u i s h t h e i n p u t s i n t o two c l a s s e s ; c o n t r o l i n p u t s and d i s ­
t u r b a n c e s . When t h e s y s t e m e q u a t i o n s a r e known, i t may be p o s s i b l e , 
even i n t h e p r e s e n c e of d i s t u r b a n c e s , t o deduce t h e s t a t e t r a j e c t o r y 
from t h e knowledge o f c o n t r o l i n p u t s and s y s t e m o u t p u t s i n a f i n i t e t i m e 
i n t e r v a l . Th i s c o n c e p t , f i r s t i n t r o d u c e d by B a s i l e and Marro [ 7 , 1 0 ] , i n 
t e r m s of t h e c h a r a c t e r i z a t i o n of p a r t i c u l a r s u b s p a c e s o f t h e s t a t e s p a c e 
of t h e s y s t e m , i s i n f a c t a g e n e r a l i z a t i o n of t h e o r d i n a r y o b s e r v a b i l i t y 
c r i t e r i o n i n which a l l o f t h e i n p u t f u n c t i o n s a r e known. G u i d o r z i [ 3 2 ] 
h a s i n v e s t i g a t e d some r e l a t i o n s h i p s be tween t h e unknown i n p u t o b s e r v a ­
b i l i t y s u b s p a c e s and t h e c h a r a c t e r i s t i c m a t r i c e s o f c e r t a i n c l a s s e s o f 
l i n e a r t i m e - i n v a r i a n t dynamica l s y s t e m s . He h a s shown t h a t we l l -known 
and w i d e l y - u s e d c a n o n i c a l r e p r e s e n t a t i o n s can be e f f e c t i v e l y u s e d f o r 
t h e d e t e r m i n a t i o n of t h e s e s u b s p a c e s . 
With each one o f t h e above s t r u c t u r a l p r o p e r t i e s t h e r e i s 
i n h e r e n t l y a s s o c i a t e d a s u b s p a c e o f t h e s t a t e o r o u t p u t s p a c e o f t h e 
d y n a m i c a l s y s t e m , n a m e l y , s t a t e c o n t r o l l a b i l i t y s u b s p a c e , o u t p u t con ­
t r o l l a b i l i t y s u b s p a c e , p e r f e c t o u t p u t c o n t r o l l a b i l i t y s u b s p a c e , o b s e r v ­
a b i l i t y s u b s p a c e , and unknown- inpu t s t a t e o b s e r v a b i l i t y s u b s p a c e . The 
g e o m e t r i c p r o p e r t i e s i n d u c e d by c e r t a i n l i n e a r o p e r a t o r s on t h e s e s u b -
s p a c e s can be e f f e c t i v e l y u t i l i z e d f o r t h e s t u d y of v a r i o u s a n a l y s i s and 
s y n t h e s i s p rob lems i n t h e t h e o r y and a p p l i c a t i o n of l i n e a r d y n a m i c a l 
s y s t e m s . I t i s t h i s g e o m e t r i c framework o f t h e s t a t e s p a c e a p p r o a c h , i n 
s h a r p c o n t r a s t w i t h t h e c l a s s i c a l t e c h n i q u e s , t h a t makes b o t h d e f i n i ­
t i o n s and r e s u l t s i n t u i t i v e l y c l e a r . 
The c o n c e p t o f i n v a r i a n c e o f a s u b s p a c e u n d e r a l i n e a r o p e r a t o r 
i s . s t r o n g l y c o n n e c t e d w i t h c o n t r o l l a b i l i t y and o b s e r v a b i l i t y of l i n e a r 
d y n a m i c a l s y s t e m s . In f a c t , i t i s w e l l known [66] t h a t t h e c o n t r o l l a ­
b i l i t y and o b s e r v a b i l i t y s u b s p a c e s o f t h e s y s t e m (S) a r e i n v a r i a n t s u b -
s p a c e s u n d e r t h e l i n e a r o p e r a t o r s A and A T , r e s p e c t i v e l y . B a s i l e and 
Marro [6] and a l s o i n d e p e n d e n t l y Wonham and Mors'e [68] h ave g e n e r a l i z e d 
t h e c o n c e p t o f i n v a r i a n c e o f s u b s p a c e s which h a s p r o v e d immensely u s e f u l 
i n t h e s t u d y of many a n a l y s i s and s y n t h e s i s p rob l ems o f l i n e a r m u l t i -
v a r i a b l e s y s t e m s such as d i s t u r b a n c e l o c a l i z a t i o n , p o l e a s s i g n m e n t , 
f eedback c o m p e n s a t i o n , d e c o u p l i n g , e t c . I t must be p o i n t e d o u t t h a t 
t h i s b a s i c a l l y g e o m e t r i c theory" of i n v a r i a n t l i n e a r s u b s p a c e s i s e f f e c ­
t i v e l y l i m i t e d t o t i m e - i n v a r i a n t l i n e a r d y n a m i c a l s y s t e m s . R e c e n t l y , 
Morse and S i l v e r m a n [55] have i n t r o d u c e d t h e c o n c e p t of a c o n t r o l l a b i l ­
i t y module f o r t h e i n v e s t i g a t i o n of c e r t a i n a l g e b r a i c p r o p e r t i e s of a 
b r o a d e r c l a s s of p h y s i c a l l y s i g n i f i c a n t p r o c e s s e s ; n a m e l y , t i m e - v a r y i n g 
l i n e a r s y s t e m s . Using t h i s f u r t h e r g e n e r a l i z a t i o n of t h e n o t i o n of c o n ­
t r o l l a b i l i t y s u b s p a c e s , t h e y employ a p u r e l y a l g e b r a i c method and r e -
d e r i v e B r u n o v s k y ' s e a r l i e r r e s u l t s on t i m e - v a r y i n g s y s t e m s [ 1 9 ] , T h e i r 
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r e s u l t s e s s e n t i a l l y depend on a t h e o r e m due t o D o l e z a l [ 2 5 ] which c h a r ­
a c t e r i z e s t h e r a n g e and n u l l s p a c e s o f c o n s t a n t r a n k t i m e - v a r y i n g 
m a t r i c e s . 
Throughout t h e above d i s c u s s i o n , a t t e n t i o n was f o c u s e d p r i m a r i l y 
on t h e i d e n t i f i c a t i o n of c e r t a i n s u b s p a c e s of t h e s t a t e o r o u t p u t s p a c e 
o f t h e d y n a m i c a l s y s t e m . Some o f t h e s u b s p a c e s o f t h e s t a t e s p a c e and 
t h e i r i n t r i n s i c p r o p e r t i e s have b e e n u s e d by some a u t h o r s f o r t h e i n ­
v e s t i g a t i o n o f t h e u n d e r l y i n g c a n o n i c a l s t r u c t u r e s o f t h e s t a t e s p a c e 
of l i n e a r d y n a m i c a l s y s t e m s . 
Kalman [ 4 0 , 4 1 ] showed t h a t i t i s a lways p o s s i b l e t o decompose t h e 
s t a t e s p a c e of a l i n e a r d y n a m i c a l s y s t e m i n t o t h e d i r e c t sum of f o u r 
I n v a r i a n t l i n e a r s u b s p a c e s and gave t h e c o r r e s p o n d i n g c a n o n i c a l form o f 
t h e s y s t e m e q u a t i o n s . A s i m i l a r r e s u l t was o b t a i n e d i n d e p e n d e n t l y by 
G i l b e r t [ 2 9 ] f o r t h e l i n e a r t i m e - i n v a r i a n t d y n a m i c a l s y s t e m ( S ) , w i t h 
t h e m a t r i x A h a v i n g d i s t i n c t e i g e n v a l u e s . L a t e r Weiss and Kalman [ 6 6 ] 
f u r t h e r r e f i n e d and e x t e n d e d Ka lman ' s o r i g i n a l s t a t e m e n t s and p r o o f s o f 
t h e d e c o m p o s i t i o n t h e o r e m s . Weiss [ 6 7 ] c o n s i d e r s t h i s p r o b l e m once 
more , b u t f o r m u l a t e s some r e s t r i c t i v e h y p o t h e s e s t h a t a r e e s s e n t i a l l y 
e q u i v a l e n t t o a s suming t h e d i m e n s i o n s o f t h e s u b s p a c e s i n t o which t h e 
s t a t e s p a c e i s decomposed t o be i n v a r i a n t i n t i m e . For t h i s c a s e he 
s u p p l i e s b o t h t h e p r o o f of t h e d e c o m p o s i t i o n t heo rem and t h e a l g o r i t h m s 
f o r t h e d e t e r m i n a t i o n o f t h e c a n o n i c a l f o r m s . 
Youla [ 7 0 ] a p p r o a c h e s t h i s p r o b l e m i n a d i f f e r e n t manner . He 
s t a r t s from t h e r e q u i r e m e n t o f c o n s t r u c t i n g a l l t h e r e a l i z a t i o n s of a 
g iven r e a l i z a b l e w e i g h t i n g p a t t e r n , and s u b s e q u e n t l y shows how r e a l i z a ­
t i o n s a s s o c i a t e d w i t h any f a c t o r i z a t i o n of a g i v e n r e a l i z a b l e w e i g h t i n g 
p a t t e r n can be d i v i d e d i n t o f o u r s u b s y s t e m s i n p a r a l l e l , o f which one 
c o r r e s p o n d s t o t h e min imal r e a l i z a t i o n . A n a l y z i n g t h e p r o p e r t i e s of 
c o n t r o l l a b i l i t y and o b s e r v a b i l i t y o f t h e s e s u b s y s t e m s , he t h e n i n t e r ­
p r e t s t h e d i v i s i o n u n d e r c o n s i d e r a t i o n as a v e r s i o n o f Ka lman ' s c a n o n i ­
c a l d e c o m p o s i t i o n . However, i t must be p o i n t e d o u t t h a t t h e s t r u c t u r a l 
p r o p e r t i e s c o n s i d e r e d i n t h e l a t t e r a r e e s s e n t i a l l y d i f f e r e n t from t h o s e 
i m p l i c i t l y p r e s e n t i n Y o u l a ' s d e c o m p o s i t i o n ( c f . [ 2 4 ] ) . 
In a r e c e n t p a p e r , D ' A l e s s a n d r o e t a l . [ 2 4 ] p r e s e n t a new a p ­
p r o a c h t o t h e t h e o r y o f c a n o n i c a l d e c o m p o s i t i o n o f l i n e a r d y n a m i c a l s y s ­
t e m s . These a u t h o r s i n t r o d u c e a new s t r u c t u r a l p r o p e r t y , . c a l l e d influ-
enoeability 3 which t o g e t h e r w i t h t h e u n o b s e r v a b i l i t y p r o p e r t y , which 
t h e y c a l l invisibilitys c o n s t i t u t e t h e b a s i s f o r t h e i r method . They 
p r o v e , w i t h o u t any l i m i t i n g h y p o t h e s e s , t h e e x i s t e n c e o f a c a n o n i c a l 
d e c o m p o s i t i o n of t h e s t a t e s p a c e i n t o s u b s p a c e s o f c o n s t a n t d i m e n s i o n s , 
t h e e x i s t e n c e o f t h e c a n o n i c a l form o f t h e s y s t e m e q u a t i o n s , and t h e 
u n i q u e n e s s o f t h i s form w i t h i n an e q u i v a l e n c e c l a s s . Th i s s t r u c t u r e 
t h e o r y subsumes a l l t h e known r e s u l t s a n d , i n p a r t i c u l a r , y i e l d s a c o n ­
s t a n t d e c o m p o s i t i o n f o r t i m e - i n v a r i a n t s y s t e m s . 
1.2 S t a t e m e n t and Scope o f t h e Prob lem 
I t i s known t h a t t h e s e t o f a l l s u b s p a c e s of a f i n i t e - d i m e n s i o n a l 
l i n e a r v e c t o r s p a c e V o v e r an a r b i t r a r y s c a l a r f i e l d F forms a c o m p l e t e 
complemented a t o m i c modula r l a t t i c e L(l/) w i t h t h e b i n a r y o p e r a t i o n s o f 
i n t e r s e c t i o n n and summation +. The s e t o f a l l I n v a r i a n t s u b s p a c e s of 
t h e l i n e a r v e c t o r s p a c e 1/ u n d e r a l i n e a r o p e r a t o r A: 1/ •>•• 1/ i s a sub l a t ­
t i c e of L(f) which i s modula r and a t o m i c b u t , I n g e n e r a l , n o t comple ­
mented . 
In t h i s r e s e a r c h v a r i o u s s t r u c t u r e s o f t h e l a t t i c e s of i n v a r i a n t 
s u b s p a c e s r e l a t i v e t o d i f f e r e n t t y p e s o f l i n e a r o p e r a t o r s w i l l be i n ­
v e s t i g a t e d and d e s c r i b e d . N e c e s s a r y and s u f f i c i e n t c o n d i t i o n s f o r t h e 
f i n i t e n e s s o f t h e s e l a t t i c e s w i l l b e g i v e n and e x i s t e n c e o f l i n e a r 
o p e r a t o r s wh ich g e n e r a t e d e s i r e d s t r u c t u r e s o f i n v a r i a n t s u b s p a c e s w i l l 
be d i s c u s s e d . P r o p e r t i e s of t h e l a t t i c e s o f i n v a r i a n t s u b s p a c e s w i l l 
t h e n be r e l a t e d t o s t a t e c o n t r o l l a b i l i t y , o u t p u t c o n t r o l l a b i l i t y and 
o b s e r v a b i l i t y p r o p e r t i e s of l i n e a r t i m e - i n v a r i a n t d y n a m i c a l s y s t e m s of 
t h e form 
x ( t ) = A x ( t ) + B u ( t ) 
y ( t ) = C x ( t ) + D u ( t ) . 
In p a r t i c u l a r , t h e s e t o f i n p u t m a t r i c e s {B} f o r which t h e s y s t e m 
(S) I s c o m p l e t e l y c o n t r o l l a b l e and t h e s e t o f o u t p u t m a t r i c e s {C} f o r 
which t h e s y s t e m (S) i s c o m p l e t e l y o b s e r v a b l e w i l l be c h a r a c t e r i z e d i n 
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t e r m s o f t h e s u b l a t t i c e s of t h e l a t t i c e L[V). We w i l l a l s o i n t r o d u c e 
some s p e c i a l - s t r u c t u r e l a t t i c e s t h a t w i l l c o n t a i n t h e l a t t i c e s of i n ­
v a r i a n t s u b s p a c e s a s t h e i r s u b l a t t i c e s . Us ing t h e p r o p e r t i e s o f t h e s e 
l a t t i c e s , we w i l l c h a r a c t e r i z e t h e g e n e r a l i z e d c o n t r o l l a b i l i t y and o b ­
s e r v a b i l i t y s u b s p a c e s o f t h e s t a t e and o u t p u t s p a c e s o f t h e s y s t e m ( S ) . 
F i n a l l y , we w i l l d e m o n s t r a t e t h e a p p l i c a b i l i t y of t h e p r o p e r t i e s 
of t h e s e l a t t i c e s t o p e r f e c t o u t p u t c o n t r o l l a b i l i t y , unknown- inpu t s t a t e 
o b s e r v a b i l i t y , f eedback c o m p e n s a t i o n , and n o n i n t e r a c t i o n c o n t r o l p r o b ­
lems r e l a t e d t o t h e d y n a m i c a l s y s t e m ( S ) . 
1 .3 R e l e v a n c e o f t h e Study 
Our r a d i c a l l y d i f f e r e n t a p p r o a c h which i s b a s i c a l l y a l g e b r a i c i n 
n a t u r e w i l l p r o v i d e an a l t e r n a t i v e way t o c h a r a c t e r i z e c e r t a i n s t r u c ­
t u r a l p r o p e r t i e s o f l i n e a r t i m e - i n v a r i a n t d y n a m i c a l s y s t e m s . Us ing o u r 
l a t t i c e - t h e o r e t i c me thod , we can and w i l l d e m o n s t r a t e t h a t most o f t h e 
e x i s t i n g r e s u l t s and c o n c e p t s , i n t h e framework o f l a t t i c e i n t e r p r e t a ­
t i o n s , become i n t u i t i v e l y t r a n s p a r e n t , a rgumen t s and p r o o f s can be p r e ­
s e n t e d i n a more compact and s t r a i g h t f o r w a r d fo rm, and g e n e r a l i z a t i o n s 
of c e r t a i n c o n c e p t s become more s e l f - s u g g e s t i v e . Because o f t h e e x ­
t e n s i v e l y d e v e l o p e d t h e o r y o f l a t t i c e s as a d i s t i n c t b r a n c h o f a b s t r a c t 
a l g e b r a and w i d e l y e x p l o r e d r i c h g e o m e t r i c s t r u c t u r e s and p r o p e r t i e s o f 
s u b s p a c e s of. f i n i t e - and i n f i n i t e - d i m e n s i o n a l l i n e a r v e c t o r s p a c e s , o u r 
a p p r o a c h seems t o have t h e p o t e n t i a l f o r f u r t h e r e x t e n s i o n s i n t h e i n ­
v e s t i g a t i o n of t h e s t a t e s p a c e c h a r a c t e r i s t i c s of f i n i t e - and i n f i n i t e -
d i m e n s i o n a l l i n e a r d y n a m i c a l s y s t e m s . Th i s a l g e b r a i c a p p r o a c h i s o b v i ­
o u s l y i n k e e p i n g w i t h t h e c u r r e n t t r e n d i n a l g e b r a i c s y s t e m s t h e o r y 
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which a p p e a r s t o h o l d t h e p r o m i s e f o r g i v i n g r i s e t o t h e emergence of a 
u n i f i e d m a t h e m a t i c a l t h e o r y of d y n a m i c a l s y s t e m s . 
The p i o n e e r i n g works o f Kalman [ 4 - 2 , 4 3 , 4 4 , 4 5 ] h a v e , a l l a l o n g , 
been a major c o n t i n u a l e f f o r t i n t h i s d i r e c t i o n . Ka lman ' s r i g i d l y a l g e ­
b r a i c s t y l e o f e x p o s i t i o n , i n f l u e n c e d p r i m a r i l y by t h e deve lopment o f 
a u t o m a t a t h e o r y , may seem n e e d l e s s l y a b s t r a c t t o r e a d e r s who were 
b r o u g h t up on t h e L a p l a c e - t r a n s f o r m o r s t a t e - v a r i a b l e s t y p e o f l i n e a r 
s y s t e m t h e o r y . In due c o u r s e , h o w e v e r , a l l t h e f a m i l i a r c o n c e p t s 
( i m p u l s e r e s p o n s e f u n c t i o n , t r a n s f e r f u n c t i o n , s t a t e t r a n s i t i o n e q u a ­
t i o n s , and s o on) w i l l make t h e i r a p p e a r a n c e , f r e q u e n t l y i n a s h a r p e r o r 
more g e n e r a l form. The a l g e b r a i c a p p r o a c h h a s many p r a c t i c a l a d v a n t a g e s : 
t h e L a p a c e - t r a n s f o r m and s t a t e - v a r i a b l e a p p r o a c h e s a r e merged i n t o a 
s i n g l e f ramework; l i n e a r s y s t e m s o v e r a f i n i t e f i e l d become a s p e c i a l 
c a s e of t h e g e n e r a l t h e o r y ; new methods a r e o b t a i n e d f o r t h e e f f e c t i v e 
c o m p u t a t i o n of r e a l i z a t i o n s ; and so on [ 4 4 ] . 
In t h e e a r l y s t a g e s o f t h e e v o l u t i o n of t h e a l g e b r a i c s y s t e m s 
t h e o r y , major a t t e m p t s were a l s o made by Arbib [ 2 , 3 ] , Arb ib and Z e i g e r 
[ 4 ] and o t h e r s t o e f f e c t a r a p p r o c h e m e n t be tween a u t o m a t a t h e o r y and 
c o n t r o l s y s t e m s t h e o r y which f u r t h e r c o n t r i b u t e d t o t h e u n i f y i n g p o t e n ­
t i a l of t h i s new me thodo logy . 
In r e c e n t y e a r s some p a p e r s have a p p e a r e d a l o n g t h e s e l i n e s I n 
t h e l i t e r a t u r e o f c o n t r o l s y s t e m s t h e o r y . Some i m p o r t a n t works i n t h i s 
c a t e g o r y a r e [ 1 4 , 1 5 , 1 7 , 1 8 , 2 0 , 2 3 , 3 4 , 3 8 , 3 9 , 4 6 , 4 7 , 5 1 , 5 2 , 5 5 , 5 7 , 6 0 , 6 1 , 6 4 , 6 9 ] . 
The l a t t i c e - t h e o r e t i c a p p r o a c h t o t h e s t u d y o f l i n e a r d y n a m i c a l 
s y s t e m s r e p o r t e d i n t h i s t h e s i s , t o t h e b e s t knowledge o f t h e a u t h o r , 
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has n o t a p p e a r e d anywhere i n t h e l i t e r a t u r e o f d y n a m i c a l c o n t r o l s y s t e m s 
and r e l a t e d d i s c i p l i n e s . The r e s e a r c h t o p i c was o r i g i n a l l y s u g g e s t e d 
by Dr. P . Zunde o f t h e Schoo l o f I n f o r m a t i o n and Computer S c i e n c e s and 
a s e t of l e c t u r e n o t e s p r e p a r e d by him c o n s t i t u t e s t h e b a s i s f o r t h i s 
r e s e a r c h work . 
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CHAPTER I I 
LATTICES, LINEAR VECTOR SPACES, AND LINEAR OPERATORS 
2.1 D y n a m i c a l S y s t e m s 
In t h i s s e c t i o n we w i l l p r o v i d e a p r e c i s e f o r m a l i z a t i o n o f t h e 
c o n c e p t o f a d y n a m i c a l s y s t e m i n t h e f o r m o f an a b s t r a c t and c o m p r e h e n ­
s i v e d e f i n i t i o n w h i c h i s a d a p t e d f rom a p a p e r b y W e i s s and Kalman [66]. 
D e f i n i t i o n 2.1.1. A dynamical system i s a m a t h e m a t i c a l s t r u c t u r e 
d e n o t e d b y t h e s e p t e t (_ ,T,__,U,<f> w h e r e 
1. L i s an a b s t r a c t s p a c e c a l l e d t h e s t a t e s p a c e and T a s e t o f 
v a l u e s o f t i m e a t w h i c h t h e b e h a v i o r o f t h e s y s t e m i s d e f i n e d . T i s an 
o r d e r e d s u b s e t o f t h e r e a l n u m b e r s , w i t h t h e u s u a l o r d e r i n g > ( o r < ) . 
I f t ^ , t g ' € T , t h e s t a t e m e n t t ^ > t ( o r t 1 < t Q ) w i l l mean t h a t • i s i n 
t h e f u t u r e ( o r i n t h e p a s t ) w i t h r e s p e c t t o t . ; e q u i v a l e n t l y , t _ i s i n 
t h e p a s t ( o r i n t h e f u t u r e ) w i t h r e s p e c t t o t ^ . 
2. Q and U a r e a b s t r a c t s p a c e s w i t h b e i n g t h e s e t o f a l l 
f u n c t i o n s o f t i m e u: T •+ U w h i c h r e p r e s e n t t h e a d m i s s i b l e i n p u t s t o t h e 
s y s t e m . 
3 . F o r any i n i t i a l t i m e t e T , any i n i t i a l s t a t e x e _ , and any 
i n p u t u e Q d e f i n e d f o r t ^ T ( o r t ^ T ) , s t a t e s a t o t h e r t i m e s a r e 
d e t e r m i n e d by a g i v e n t r a n s i t i o n f u n c t i o n x T x T x _ w h i c h i s 
w r i t t e n a s ^ ^ ( t , T , X ) . T h i s f u n c t i o n h a s t h e f o l l o w i n g p r o p e r t i e s : 
a . <f> (T ;T,X) = x f o r any u e fi, x e Z. 
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b . <J> u ( t ;T , x ) i s d e f i n e d o n l y when t > T ( o r t < T ) . 
c . J u ( t 2 ; t Q 5 x ) = ^ u ( t 2 ; t 1 , ^ u ( t 1 ; t 0 , x ) ) f o r a l l u e ft, a l l 
t 0 , t 1 } t 2 e T such t h a t t 2 > t > t ' ( o r t 2 < ' t < t Q ) , and 
a l l x e _ . 
d. I f u r d e n o t e s t h e e q u i v a l e n c e c l a s s o f f u n c t i o n s i n ft 
- [ T , t j 
whose v a l u e s a g r e e w i t h u on t h e s e t [ x , t ] n T , t h e n 
<t> ( t ; T , x ) = $ ( t ; x , x ) . 
" U " " U [ x , t ] " ' ; -
4 . Every o u t p u t o f t h e s y s t e m a t t i m e t i s g i v e n by t h e v a l u e 
o f a r e a l f u n c t i o n ip: T x _ R; where b e l o n g s t o a g i v e n c l a s s V. 
5 . The f u n c t i o n s <f> and \P a r e c o n t i n u o u s w i t h r e s p e c t t o s u i t ­
a b l e t o p o l o g i e s d e f i n e d on _ , T , ft, Y , and t h e r e a l s , a s w e l l a s t h e 
i n d u c e d p r o d u c t t o p o l o g i e s . 
For t h e p u r p o s e o f i l l u s t r a t i n g t h e c o n c e p t u a l i m p l i c a t i o n s 
u n d e r l y i n g t h e above d e f i n i t i o n , we w i l l c o n s i d e r a s p e c i a l c l a s s o f 
dynamica l s y s t e m s i n which 
i . _ i s f i n i t e - d i m e n s i o n a l — t h e s y s t e m i s f i n i t e - d i m e n s i o n a l , 
i i . T = R; <f> and \P a r e smooth r e a l f u n c t i o n s o f t i m e t — t h e 
s y s t e m i s c o n t i n u o u s - t i m e . 
i i i . \P i s l i n e a r i n x and <f) i s j o i n t l y l i n e a r i n x and u — t h e 
s y s t e m i s l i n e a r . 
i v . U i s m - d i m e n s i o n a l , V i s p - d i m e n s i o n a l — t h e s y s t e m i s m u l t i -
v a r i a b l e , i . e . , i t i s a m u l t i - I n p u t m u l t i - o u t p u t s y s t e m . 
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Under t h e s e s p e c i a l a s s u m p t i o n s , i t can be p r o v e d [66] t h a t t h e 
t r a n s i t i o n f u n c t i o n of t h e most g e n e r a l d y n a m i c a l s y s t e m which s a t i s f i e s 
t h e above axioms i s a s o l u t i o n o f t h e v e c t o r d i f f e r e n t i a l e q u a t i o n 
x ( t ) = f [ x ( t ) , u ( t ) , t ] 
(2.1) 
y ( t ) = g [ x ( t ) , u ( t ) , t ] , 
where 
x ( t ) i s an n - d i m e n s i o n a l s t a t e V e c t o r . 
u ( t ) i s an m - d i m e n s i o n a l i n p u t v e c t o r , 
y ( t ) i s a p - d i m e n s i o n a l o u t p u t v e c t o r . 
f: R n x R m x T R n i s a c o n t i n u o u s f u n c t i o n o f a l l i t s 
a rgumen t s and R n and R m a r e n - and m - d i m e n s i o n a l r e a l 
s p a c e s , r e s p e c t i v e l y . 
In p a r t i c u l a r , i f t h e d y n a m i c a l s y s t e m (2.1) i s o f t h e form of a 
s y s t e m of f i r s t - o r d e r l i n e a r v e c t o r d i f f e r e n t i a l e q u a t i o n s 
x ( t ) = A ( t ) x ( t ) + B ( t ) u ( t ) 
' (2.2) 
y ( t ) = C ( t ) x ( t ) + D ( t ) u ( t ) , 
where x ( t ) , u ( t ) , and y ( t ) a r e as d e f i n e d a b o v e ; A ( t ) , B ( t ) , C ( t ) , and 
D ( t ) a r e r e a l n x n , n x m, p x n , and p x m m a t r i c e s , r e s p e c t i v e l y ^ 
t h e n , g i v e n t h e i n i t i a l c o n d i t i o n ^(^q) - x _ , t h e s o l u t i o n of (2.2) is 
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g i v e n by 
-1 * _i 
x( t ) .= X ( t ) [ X ( t n ) ] V + / X ( t ) [X (x ) ] XB(T)u(T)dT, ( 2 . 3 ) ' 0 ' J - 0 
0 
where X ( t ) i s a f u n d a m e n t a l m a t r i x s o l u t i o n of t h e homogeneous e q u a t i o n 
d x ( t ) • 
= A ( t ) x ( t ) , ( 2 . 4 ) 
i . e . , 
A(t)X(t), 
dt 
d e t X ( t Q ) i 0 , 
where by a f u n d a m e n t a l m a t r i x s o l u t i o n of t h e s y s t e m ( 2 . 4 ) i s meant a 
m a t r i x X ( t ) which has a s i t s columns n l i n e a r l y i n d e p e n d e n t s o l u t i o n s of 
t h i s s y s t e m . 
E q u a t i o n ( 2 . 3 ) can be w r i t t e n i n t e r m s of t h e t r a n s i t i o n m a t r i x 
<K t , x ) , which i s d e f i n e d by 
<Kt,x) - X ( t ) [ X ( i ) ] L . 
Thi s d e f i n i t i o n i s e q u i v a l e n t t o s t a t i n g t h a t $ s a t i s f i e s t h e r e l a t i o n s 
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* ( t 0 , t 0 ) = I . 
Then ( 2 . 3 ) becomes 
• t 
x ( t ) = - . * ( t , t 0 ) x .+ J <-(t,T)B(x)u(T)dT ( 2 . 5 ) 
TO 
and y ( t ) i s t h e n g i v e n e x p l i c i t l y a s 
t - ' • . '. 
y ( t ) - C ( t ) $ ( t , t ) x Q + / C( t ) . ( t,T )B(T )u(x)dT + D ( t ) u ( t ) . 
I t i s e a s y t o v e r i f y t h a t t h e t r a n s i t i o n f u n c t i o n <j> d e f i n e d by 
- u ^ W = -(C)' 
where x ( t ) i s g i v e n by ( 2 . 5 ) , s a t i s f i e s axiom 3 . The r e m a i n i n g axioms 
a r e a l s o e a s y t o v e r i f y . 
2 « 2 S t r u c t u r a l P r o p e r t i e s of L i n e a r Dynamical Sys tems 
Here we w i l l v e r y b r i e f l y p r e s e n t some r e l e v a n t d e f i n i t i o n s and 
c o n c e p t s c o n c e r n i n g l i n e a r t i m e - i n v a r i a n t d y n a m i c a l s y s t e m s . S i n c e d e ­
t a i l e d t r e a t m e n t s of t h e s e b a s i c c o n c e p t s a r e a v a i l a b l e i n most s t a n d a r d 
t e x t s i n l i n e a r s y s t e m s t h e o r y such a s [ 1 3 , 2 1 , 6 2 and 7 1 ] , we w i l l keep 
o u r d i s c u s s i o n t o a b a r e minimum. 
C o n s i d e r t h e l i n e a r t i m e - i n v a r i a n t d y n a m i c a l s y s t e m 
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. . x ( t . ) = A x ( t ) + B u ( t ) 
(S ) 
y ( t ) = C x ( t ) + D u ( t ) , 
where x ( t ) e R n i s an n-component s t a t e v e c t o r , u ( t ) e R m i s an m-
component i n p u t v e c t o r , and y ( t ) e ?P i s a p -component o u t p u t v e c t o r ; 
k 
and R d e n o t e s a k - d i m e n s i o n a l E u c l i d e a n s p a c e . The m a t r i c e s A, B , C, 
and D of o r d e r n * n , n x m, p x n , and p x m, r e s p e c t i v e l y , a r e c o n ­
s t a n t r e a l m a t r i c e s o v e r t h e f i e l d R of r e a l number s . I f B i s an a r b i ­
t r a r y n x m c o n s t a n t r e a l m a t r i x , t h e n 
R(B) = {x: x = Bu f o r some u e R m } 
i s t h e r a n g e of t h e m a t r i x ( o p e r a t o r ) B. 
The s t a t e x ( t ^ ) e R n of a d y n a m i c a l s y s t e m i s s a i d t o be control­
lable if and o n l y i f f o r some f i n i t e t i m e t > t ^ t h e r e e x i s t s an a d m i s ­
s i b l e i n p u t Up . t h a t w i l l t r a n s f e r t h e i n i t i a l s t a t e x ( t ) t o any 
0 1 " 
a r b i t r a r y s t a t e x ( t ^ ) € R n . I f t h e s t a t e x ( t Q ) of a l i n e a r t i m e -
i n v a r i a n t s y s t e m (S ) i s c o n t r o l l a b l e a t some t i m e t ^ e T , t h e n i t i s 
c o n t r o l l a b l e f o r a l l t e T . The s e t X o f a l l c o n t r o l l a b l e s t a t e s forms 
c 
a l i n e a r s u b s p a c e and i s c a l l e d t h e controllable subspace o f t h e s t a t e 
s p a c e of t h e s y s t e m ( S ) . I f X c = R n , t h e n t h e s y s t e m i s s a i d t o be 
completely controllable; i n o t h e r w o r d s , t h e s y s t e m (S) i s c o m p l e t e l y 
c o n t r o l l a b l e i f e v e r y s t a t e of t h e sys t em i s c o n t r o l l a b l e . Controllable 
outputs, controllable output subspaces, and completely output 
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controllable s y s t e m s a r e d e f i n e d i n an a n a l o g o u s manner r e l a t i v e t o t h e 
o u t p u t s p a c e of t h e s y s t e m ( S ) . 
The sys t em (S) i s s a i d t o be k-input controllable, i n t h e s t a t e 
o r o u t p u t s p a c e , i f t h e r e e x i s t s an i n p u t m a t r i x B such t h a t t h e s y s t e m 
k 
i s c o m p l e t e l y c o n t r o l l a b l e f o r some a d m i s s i b l e i n p u t u ( t ) e R . I f t h e 
sys tem i s k - i n p u t c o n t r o l l a b l e b u t n o t ( k - l ) - i n p u t c o n t r o l l a b l e , t h e n 
t h e k - i n p u t s y s t e m i s s a i d t o be minimal-input controllable. 
For t h e s y s t e m ( S ) , t h e f o l l o w i n g s t a t e m e n t s a r e e q u i v a l e n t . 
1 . The s y s t e m i s c o n t r o l l a b l e . 
2 . The n x nm m a t r i x [B .! AB ! A2fi i • • • ! . A n _ 1 B ] h a s r a n k n . 
i i i i 
3 . The rows of t h e m a t r i x ( s I - A ) "*"B a r e l i n e a r l y i n d e p e n d e n t 
o v e r t h e f i e l d R of r e a l number s . 
The c o n c e p t of observability of a l i n e a r d y n a m i c a l s y s t e m i s 
c l o s e l y r e l a t e d t o t h a t of s t a t e c o n t r o l l a b i l i t y . T h i s r e l a t i o n s h i p i s 
f o r m a l i z e d by t h e D u a l i t y Theorem of Kalman [ 4 0 ] . T h i s c r i t e r i o n s i m p l y 
s a y s t h a t t h e s y s t e m (S ) i s c o n t r o l l a b l e {observable) i f and o n l y i f t h e 
c o n j u g a t e s y s t e m 
x ( t ) = A * x ( t ) + B * u ( t ) 
y ( t ) = C " x ( t ) + D * u ( t ) , 
where * i n d i c a t e s t h e c o n j u g a t e t r a n s p o s e of t h e u n s t a r r e d m a t r i x , i s 
o b s e r v a b l e ( c o n t r o l l a b l e ) . Based on t h i s i d e a of d u a l i t y , we can 
d e v e l o p t h e o b s e r v a b i l i t y c r i t e r i a from t h o s e of s t a t e c o n t r o l l a b i l i t y 
i n a d i r e c t manner . 
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The s t a t e xCt^ ) e..R n of t h e s y s t e m (S) i s s a i d t o be observable 
i f t h e r e e x i s t s a f i n i t e t i m e t ^ > t ^ , " t^j t : € such t h a t t h e knowledge 
of t h e i n p u t u ( t ) and t h e o u t p u t y ( t ) o v e r t h e t i m e i n t e r v a l [ t Q , t ^ ] 
s u f f i c e s t o d e t e r m i n e t h e s t a t e x ( t ^ ) e R n . The s e t X̂  of a l l o b s e r v a ­
b l e s t a t e s forms a l i n e a r s u b s p a c e and i s c a l l e d t h e observable subspace 
of t h e s t a t e s p a c e of t h e s y s t e m ( S ) . I f X̂  = R n , t h e n t h e s y s t e m i s 
s a i d t o be completely observable; i n o t h e r w o r d s , t h e s y s t e m (S) i s com­
p l e t e l y o b s e r v a b l e i f e v e r y s t a t e of t h e s y s t e m i s o b s e r v a b l e . 
For t h e s y s t e m , ( S ) , t h e f o l l o w i n g s t a t e m e n t s a r e e q u i v a l e n t . 
1 . The s y s t e m i s o b s e r v a b l e . , 
2. The n x n p m a t r i x [G T j A T C T | ( A T ) 2 C T | • • • j ( A T ) n ~ ^ C T ] . 
h a s r a n k n . 
3. The columns of t h e m a t r i x C ( s l - A ) ^ a r e l i n e a r l y i n d e ­
p e n d e n t o v e r t h e f i e l d R of r e a l numbers . 
2.3 L a t t i c e s of L i n e a r Subspaces of a 
F i n i t e - D i m e n s i o n a l L i n e a r V e c t o r Space 
Le t 1/ be a f i n i t e - d i m e n s i o n a l l i n e a r v e c t o r s p a c e o y e r t h e f i e l d 
n 
R of r e a l numbers w i t h t h e s t a n d a r d i n n e r p r o d u c t <x,y> = £ x . y . , 
i = l 1 1 
x , y e I/, and d e n o t e by L(•(/) t h e s e t of a l l l i n e a r s u b s p a c e s of I/, i . e . 
_(!/•) = {X: X c (/.}. i t i s c l e a r t h a t ' l l I/] i s a p a r t i a l l y o r d e r e d s e t 
unde r t h e s e t - i n c l u s i o n r e l a t i o n <=. Le t us f u r t h e r d e f i n e t h e o p e r a ­
t i o n s n: L(l/) x L(l/) + L(V), c a l l e d " i n t e r s e c t i o n , " and +: L(l/) x /_((/) + 
L(l /J , c a l l e d " s u m m a t i o n , " which s a t i s f y t h e idempotency, commutativity 3 
associativityand absorption l a w s . In o r d e r t o d e s c r i b e t h e s e l aws 
l e t o d e n o t e an a r b i t r a r y b i n a r y o p e r a t i o n (X,/) |-* XoV on a s e t S. 
This o p e r a t i o n i s s a i d t o be 
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idempotent: when XoX = X, 
commutative: when Xoy = yoX, 
associative: when Xo(Vol] = (Xoy)oZ, 
i n a l l t h r e e c a s e s f o r a l l e l e m e n t s X,y,Z e S. Two a r b i t r a r y b i n a r y 
o p e r a t i o n s o and • on a s e t S a r e s a i d t o s a t i s f y t h e absorption law i f 
and o n l y i f Ko(XQV) = Xd(XoV) = X f o r a l l e l e m e n t s X,V e S. 
From t h e p r o p e r t i e s of s u b s p a c e s of 1/ i t f o l l o w s t h a t i f 
X^ e L(U), i = l , 2 , . . . , k , t h e n t h e i n t e r s e c t i o n 
k .. . 
n X. = {xel/: xeX., i = l , 2 , . . . , k } . , 1 - - I i = l 
i s t h e l a r g e s t s u b s p a c e of U c o n t a i n e d i n X^, i = l , 2 , . . . , k , and t h e 
l i n e a r sum 
k .'• 
{ V x.e(/: x.eX., i = l , 2 , . . . , k } ..- _ i - l i ' i = l 
i s t h e s m a l l e s t s u b s p a c e of V c o n t a i n i n g X^, i = 1,2, . . . ' . j k . 
I t i s a w e l l known f a c t t h a t L((/) i s a c o m p l e t e complemented 
a t o m i c modular l a t t i c e , where t h e l a t t i c e o p e r a t i o n s n and u a r e j u s t n 
and + , r e s p e c t i v e l y . Because of t h e c e n t r a l r o l e t h a t t h e l a t t i c e _((/) 
w i l l p l a y i n t h e s u b s e q u e n t t h e o r e t i c a l d e v e l o p m e n t s , i t w i l l be w o r t h ­
w h i l e t o e l a b o r a t e on some of t h e r e l e v a n t u n d e r l y i n g p r o p e r t i e s of _((/) 
i n more d e t a i l and f o r m a l i z e them i n t h e form of t h e o r e m s . 
Theorem 2.3 . 1 . <L( l / ) , n ,+> i s a l a t t i c e w i t h V a s i t s g r e a t e s t 
e l e m e n t and { 0 } , t h e n u l l s p a c e , a s i t s l e a s t e l e m e n t . 





Proof. We need t o show t h a t <L(l/),n,+> s a t i s f i e s c o n d i t i o n s L l -
L4 of Theorem 2 of t h e Appendix . C o n d i t i o n s L1-L3 c l e a r l y f o l l o w from 
t h e p r o p e r t i e s of s u b s p a c e s of I/. To s e e t h a t L4 a l s o h o l d s , l e t 
M,N,P e L[V). We want t o show t h a t 
M n (M+W) = M + (MnN) = M. 
Let x e M n (M+W). Then x e M and x = x^ + x^ e M + N. Th i s i m p l i e s 
t h a t x^ + x^ e M and x^ e M and x^ e W. S i n c e M i s a s u b s p a c e of I/, we 
have x 2 e M and x^ e M and x^ e M. Thus x^ e M and x^ e M n W. T h e r e ­
f o r e x j_.+ - x 2 e ^ + (MnW). Hence M n (M+W) c M + (MnW) . The r e v e r s e 
i n c l u s i o n can be shown i n a s i m i l a r manner . Thus M n (M+W) = M + (MnW) 
To comple t e t h e p r o o f of t h e f i r s t p a r t of t h e t h e o r e m we need t o show 
t h a t M + (MnW) • = M. But t h i s i s c l e a r from t h e f a c t t h a t M n W c M. 
The second s t a t e m e n t of t h e theo rem i s o b v i o u s s i n c e f o r any sub 
s p a c e M of 1/ we have {0} c M c I/. 
For s i m p l i c i t y of n o t a t i o n we w i l l h e n c e f o r t h d e n o t e t h e l e a s t 
e l e m e n t {0} of t h e l a t t i c e L( I/) by 0 . 
Theorem 2 . 3 . 2 . <l(l/),n,+> i s a c o m p l e t e modula r l a t t i c e . 
Proof. I t i s i m m e d i a t e l y c l e a r t h a t L[V) i s a c o m p l e t e l a t t i c e 
s i n c e f o r any s u b s e t S of L(l/] , t h e j o i n £ M. , M. e S and t h e meet n M. 
i i 
HI. £ S e x i s t in S. To p r o v e m o d u l a r i t y , we need t o show t h a t i f M P, 
t h e n 
2 1 
P n. (M+N) = (PnM) + (PnN) = M + (PnW) f o r a l l M,N,P e L(U) . ( 2 . 6 ) 
We n o t e f i r s t t h a t P n M c P n (M+W) and P n ATc p n (M+W). Hence 
(PnM) + (PnA/) c P n (M+W). ( 2 . 7 ) 
To show t h e r e v e r s e i n c l u s i o n , l e t x e P n (M+A/). Then x € P and 
x = x^ + x_, € M + A/. T h i s i m p l i e s t h a t x-̂  + x_. e P and x^ e M and 
x . e W. S i n c e P i s a s u b s p a c e i t f o l l o w s t h a t x^ e P and x_, e P and 
x^ e M and c N. Thus x^ e M and x_, e P n A/. Hence x^ + x^ e M + 
(PnM). T h e r e f o r e 
P n (M+W) c M + (PnA/) = (PnM) + (PnN). ( 2 . 8 ) 
Now ( 2 . 6 ) f o l l o w s from ( 2 . 7 ) and ( 2 . 8 ) . 
I t i s i m p o r t a n t t o n o t e t h a t i[V) i s n o t a d i s t r i b u t i v e l a t t i c e , 
b e c a u s e a l t h o u g h i n any l a t t i c e we have 
n (M.+M.) c (n M.) + (n W.) 
. . i _ - . I _ 
1,3 i 3 
( 2 . 9 ) 
Y (M.nN.) c (Y M.) n (Y A/.) , 
. „ 1 "1 v 1 . 1 
i,3 i 3 
e q u a l i t y does n o t a lways h o l d i n ( 2 . 9 ) . For e x a m p l e , l e t x^ and x_, be 
i n d e p e n d e n t v e c t o r s and l e t M = s p a n { x ^ } , N = s p a n { x ^ + x _ } , and P = 
s p a n { x _ } , where M,A/,P e L[V) . Then M + A/ •= s p a n { x 1 + x _ } so t h a t 
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P n OM+W) - M. On t h e o t h e r hand , P n M = 0 and P n N = 0 so t h a t 
(PnM) + (PnW) = 0 . Hence P n (M+N) 5* (PnM) ' + (PnW). 
Theorem 2 . 3 . 3 , <L (I/) ,n ,+> i s a complemented l a t t i c e . 
Proof. We know t h a t L[l/] has t h e n u l l s p a c e 0 a s i t s l e a s t and 
1/ a s . i t s g r e a t e s t e l e m e n t . We have t o show t h a t an a r b i t r a r y s u b s p a c e 
M c 1/ has a complement , i . e . , f o r a l l M e 1(1/) t h e r e e x i s t s an W e 1(1/) 
such t h a t M + W = 1/ and M n W = 0. Let [ x , - , x _ , . . . ' ,x ] be a b a s i s of M. 
- 1 - 2 -m 
These v e c t o r s a r e l i n e a r l y i n d e p e n d e n t and can t h e r e f o r e be e x t e n d e d t o 
a b a s i s I- X-L»X2'»• • • ' x ' m ' X m + l ' ' ' ' ' X n ^ ° ^ ^* ^ he t h e s p a c e spanned by 
t h e v e c t o r s x m + 1 , x m + 2 , . . . , x n . Then M •+ W = s p a n ^ , ^ , . . . > x m , x m + 1 > • • • » 
x } = 1/ and M n W = 0. - n 
Theorem 2 . 3 . 4 . <L(l/),n,+> i s an a t o m i c l a t t i c e . 
Proof. I t i s c l e a r t h a t t h e a toms of L(f) a r e t h e o n e - d i m e n s i o n a l 
s u b s p a c e s of I/, s i n c e t h e y c o v e r t h e z e r o e l e m e n t 0 of 1(1/) , i . e . , t h e y 
p r o p e r l y c o n t a i n t h e n u l l s p a c e 0. 
R e c a l l t h a t i f M i s any s u b s p a c e of t h e f i n i t e - d i m e n s i o n a l l i n e a r 
v e c t o r s p a c e I/, t h e n i t s o r t h o g o n a l complement M 1 , i . e . , t h e s e t of a l l 
v e c t o r s i n 1/ which a r e o r t h o g o n a l t o e v e r y v e c t o r i n M, i s a lways a s u b -
s p a c e of I/. I t i s e a s y t o show t h a t i f M,W c 1/ and M c W, t h e n M1 => W1, 
i . e . , t h e o p e r a t i o n of c o m p l e m e n t a t i o n r e v e r s e s t h e s e t - i n c l u s i o n p a r ­
t i a l o r d e r i n g . 
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Theorem 2 . 3 . 5 . <L(l/),n,+> i s an o r t h o c o m p l e m e n t e d l a t t i c e . 
Proof. Let M,W e 1.(1/) . Then M1 i s a complement of M; i f M s H 
t h e n M1 _> W1., and M 1 1 = M. The l a s t e q u a l i t y f o l l o w s from t h e f a c t t h a t 
any l i n e a r s u b s p a c e M of a f i n i t e - d i m e n s i o n a l l i n e a r v e c t o r s p a c e 1/ i s 
o r t h o g o n a l l y c l o s e d , i . e . , M11 •= M [ 3 5 ] . 
2 . 4 Morphisms of L(V) 
In t h i s s e c t i o n we w i l l b r i e f l y d i s c u s s some r e l e v a n t p r o p e r t i e s 
of t h e morphisms of t h e l a t t i c e -(f). L a t e r we w i l l make u s e of t h e s e 
p r o p e r t i e s f o r t h e l a t t i c e - t h e o r e t i c c h a r a c t e r i z a t i o n of s t a t e and o u t ­
pu t c o n t r o l l a b i l i t y of t h e l i n e a r d y n a m i c a l sy s t em ( S ) . 
Let a be a l i n e a r mapping of t h e l a t t i c e L(V) i n t o t h e l a t t i c e 
1 ( 0 / ) , d e f i n e d a s f o l l o w s : For a l l M e L[V) and a l l N e L(W) 
a(M) = {x: xeW, yeM and Ay = x } , 
where A i s a m a t r i x of a p p r o p r i a t e d i m e n s i o n s r e p r e s e n t i n g t h e l i n e a r 
mapping T of t h e n - d i m e n s i o n a l l i n e a r v e c t o r s p a c e V i n t o t h e s u b s p a c e 
W of I/. In p a r t i c u l a r , i f W i s an m - d i m e n s i o n a l s u b s p a c e , t h e n A i s an 
m x n m a t r i x , a d e f i n e d a s a b o v e , i s s a i d t o be a lattice morphism i n ­
duced by t h e l i n e a r mapping T: 1/ -> W. I f 1/ = W, t h e n a ( o r d e r o r l a t ­
t i c e ) homomorphism a: 1.(1/) L(W) i s c a l l e d an (order o r lattice) endo-
morphism. F i n a l l y , a l a t t i c e homomorphism a : 1.(1/) L.(W) which i s b o t h 
a monomorphism ( i n j e c t i o n ) and an ep imorphism ( s u r j e c t i o n ) i s c a l l e d an 
isomorphism; i f JL(l/) i s t h e same l a t t i c e a s , t h e n a i s c a l l e d an 
automorphism. 
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Theorem 2 . 4 . 1 . Let 1/ and W be n - d i m e n s i o n a l and m - d i m e n s i o n a l 
l i n e a r v e c t o r s p a c e s , r e s p e c t i v e l y . Then t h e l i n e a r mapping a : L(U) -> 
MW) i s a jo in-homomorphism (+-homomorphism) . 
Proof. We need t o show t h a t f o r any M,W e L(V) , a(M+W) -
a(M) .+' a(W). Let y e a(M+W). Then t h e r e e x i s t s an x = + x2 6 M +.'W 
such t h a t y =o(x) = a ( x ^ + x 2 > = a ( x ^ ) + o{x^) and s i n c e y i s a r b i t r a r y , 
we o b t a i n 
a(M+W) _ a(M) + a(W). ( 2 . 1 0 ) 
On t h e o t h e r h a n d , i f x = x^ + x 2 e a(M) + a(W), t h e n f o r some y e M, 
_1 = a n c ^ s o m e 5 6 ^» _2 = • N o w x i + x 2 = + ° ( z ) " ( y f z ) . 
Th i s i m p l i e s t h a t 
o(M) + o(N) _ a(M+N) ( 2 . 1 1 ) 
From ( 2 . 1 0 ) and ( 2 . 1 1 ) i t f o l l o w s t h a t f o r a l l M,W e 1(1/) , a(M+W) = 
a(M) + a(W). 
N o t i c e t h a t t h e l a t t i c e morphism a: L(U) -> L(W) i n d u c e d by t h e 
l i n e a r mapping T: 1/ -»• W i s n o t i n g e n e r a l a meet-homomorphism ( n -
homomorphism) a s t h e f o l l o w i n g example shows . Let P be a p r o j e c t i o n 
mapping which maps any l i n e a r s u b s p a c e ^ ' 
i n t h e p l a n e o n t o t h e X^-axis a s 
i l l u s t r a t e d i n t h e a d j a c e n t f i g u r e . 
I t i s c l e a r t h a t 
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P(MnW) = PO = 0 
P(M) n P(N) = X i 0. 
Hence 
P(MnW) t P(M) n P(N). 
Let L(l/) d e n o t e t h e s e t of o r t h o g o n a l complements of a l l t h e 
e l e m e n t s of t h e l a t t i c e L(l/). I f t o each l i n e a r s u b s p a c e M of 1/ we make 
c o r r e s p o n d i t s o r t h o g o n a l complement M 1 i n I/, t h e n from t h e f a c t t h a t 
e v e r y l i n e a r s u b s p a c e of a f i n i t e - d i m e n s i o n a l l i n e a r v e c t o r s p a c e 1/ i s 
o r t h o g o n a l l y c l o s e d we have a o n e - t o - o n e c o r r e s p o n d e n c e of L(l/) w i t h 
L[V) i n which t h e o p e r a t i o n of c o m p l e m e n t a t i o n r e v e r s e s t h e s e t -
i n c l u s i o n p a r t i a l o r d e r i n g . We summarize t h i s o b s e r v a t i o n i n t h e f o l ­
l owing t h e o r e m . 
Theorem 2 . 4 . 2 . The c o r r e s p o n d e n c e which s e n d s each l i n e a r s u b -
s p a c e iW of 1/ t o i t s o r t h o g o n a l complement M 1 i n f i s a d u a l i somorph i sm 
of t h e l a t t i c e s 1(1/) and L[V) . L (I/) i s t h u s a l s o a c o m p l e t e c o m p l e ­
mented a t o m i c modula r l a t t i c e . 
Th i s c o n c l u s i o n i s e s s e n t i a l l y e q u i v a l e n t t o . t h e o r t hocomplemen-
t a t i o n p r o p e r t y of t h e l a t t i c e L (t/) . S i n c e L(l/) i s an o r t h o c o m p l e -
mented l a t t i c e , f o r a l l M,N e L(l/), M <_ N i m p l i e s t h a t M 1 2 N 1 and 
U11 - M. ' By t h e s e two c o n d i t i o n s , t h e o r t h o c o m p l e m e n t a t i o n M • [-»• H1 i s a 




O1 = I/, I/1 = 0, (M+W)"1" = M1 n V , 
(MnN)1 = M1 t N1,' f o r a l l M,W e L( l / J . 
We s t a t e t h i s r e s u l t a s a c o r o l l a r y t o Theorem 2 . 4 . 2 . 
C o r o l l a r y 2 . 4 . 1 . I f iVL, i = l , 2 , . . . , k a r e s u b s p a c e s of I/, t h e n 
k k 
( n M.) 1 = Y M! and 
I . I i = l i = l 
k k 
( V M.) 1 = • n M! i . i i = l i = l 
2 . 5 L a t t i c e s of I n v a r i a n t Subspaces of a 
F i n i t e - D i m e n s i o n a l L i n e a r V e c t o r Space 
The c o n c e p t of i n v a r i a n c e of l i n e a r s u b s p a c e s of t h e s t a t e and 
o u t p u t s p a c e s of t h e l i n e a r d y n a m i c a l s y s t e m (S) u n d e r c e r t a i n l i n e a r 
o p e r a t o r s i s c l o s e l y r e l a t e d t o some i m p o r t a n t s t r u c t u r a l p r o p e r t i e s of 
t h e s y s t e m ( S ) , such a s s t a t e c o n t r o l l a b i l i t y , s t a t e o b s e r v a b i l i t y , and 
o u t p u t c o n t r o l l a b i l i t y . I n f a c t i t i s known t h a t t h e c o n t r o l l a b i l i t y 
s u b s p a c e , i . e . , t h e s e t of a l l c o n t r o l l a b l e s t a t e s of t h e s y s t e m (S) i s 
t h e s m a l l e s t A - i n v a r i a n t s u b s p a c e t h a t c o n t a i n s t h e r a n g e R(B) of t h e 
i n p u t m a t r i x B and t h e o b s e r v a b i l i t y s u b s p a c e , i . e . , t h e s e t of a l l 
o b s e r v a b l e s t a t e s of t h e s y s t e m (S) i s t h e g r e a t e s t A T - i n v a r i a n t s u b -
s p a c e t h a t i s c o n t a i n e d i n t h e o r t h o g o n a l complement (R(B))"1" of t h e sub-
s p a c e R(B) [ 6 6 ] . 
For t h e p u r p o s e of l a t t i c e - t h e o r e t i c i n v e s t i g a t i o n of some 
s t r u c t u r a l p r o p e r t i e s of t h e s y s t e m ( S ) , be low we w i l l s t u d y and fo rma l ­
i z e i n d e t a i l t h e p r o p e r t i e s of t h e l a t t i c e formed by t h e s e t of 
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i n v a r i a n t s u b s p a c e s of t h e l i n e a r v e c t o r s p a c e 1/ u n d e r c e r t a i n l i n e a r 
o p e r a t o r s . 
Let 1/ be a f i n i t e - d i m e n s i o n a l l i n e a r v e c t o r s p a c e o v e r t h e f i e l d 
R of r e a l numbers and A t h e m a t r i x of a l i n e a r o p e r a t o r on I/. I f ii) i s a 
s u b s p a c e of IA, we say t h a t W i s invariant under A o r A-invariant i f f o r 
each v e c t o r x e W t h e v e c t o r Ax i s i n W, i . e . , AW c W. I n p a r t i c u l a r , 
i f AW = W, t h e n W i s s a i d t o be point invariant under A o r point A-
invariant. 
C o n s i d e r now t h e s e t 
L*[l/) = {M£_(l/) : AMsM}, ( 2 , 1 2 ) 
i . e . , t h e s e t of a l l A - i n v a r i a n t s u b s p a c e s of t h e l i n e a r v e c t o r s p a c e I/. 
I t i s c l e a r t h a t L^(l/) i s a p a r t i a l l y o r d e r e d s e t unde r t h e s e t -
i n c l u s i o n r e l a t i o n c . i t w i l l be shown below t h a t i s a l a t t i c e . 
Brickman and F i l l m o r e [ 1 2 ] have i n v e s t i g a t e d some p r o p e r t i e s and s t r u c ­
t u r e s of t h i s l a t t i c e . However, o u r a p p r o a c h t o t h e i n v e s t i g a t i o n of 
t h e p r o p e r t i e s and s t r u c t u r e s of L"(l/) and some of o u r r e s u l t s a r e com-
p l e t e l y d i f f e r e n t . 
In t h e n e x t few t h e o r e m s we w i l l i n v e s t i g a t e and f o r m a l i z e t h e 
p r o p e r t i e s of L " ( l / ) . F i r s t we need a lemma whose s i m p l e p r o o f i s 
o m i t t e d . 
L e m m a , 2 . 5 . 1 . I f M and W a r e A - i n v a r i a n t s u b s p a c e s of V, t h e n 
M n N and M t W a r e a l s o A - i n v a r i a n t s u b s p a c e s of I/. 
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Theorem 2 . 5 . 1 . I'M I/) i s a s u b l a t t i c e of 1(1/). 
• A 
P r o o f . Le t M,W e L* (I/) . By Lemma 2 . 5 . 1 , M n W e /."(I/) and 
M + W € I'M I/) and hence l"(l/) i s a s u b l a t t i c e o f 1(1/). 
A A 
Theorem 2 . 5 . 2 . ^-^iVl.. h a s a s i t s s m a l l e s t e l e m e n t t h e z e r o e l e ­
ment 0 and a s i t s g r e a t e s t e l e m e n t t h e u n i t e l e m e n t 1/ of 1(1/). Proof. S i n c e AO = 0 and Al/ _ I/, 0 and 1/ a r e e l e m e n t s of l"(V). 
— A 
But !?(( / ) i s a s u b l a t t i c e of 1(1/), hence 0 i s t h e s m a l l e s t e l e m e n t and 
A 
1/ i s t h e g r e a t e s t e l e m e n t of ! " ( ( / ) . . 
Theorem 2 . 5 . 3 . The l a t t i c e ^ ( ' ^ i s modular and a t o m i c . 
Proof. ,The p r o o f of m o d u l a r i t y f o l l o w s from t h e f a c t t h a t e v e r y 
s u b l a t t i c e of a modular l a t t i c e i s modular [ 2 6 ] . To show a t o m i c i t y , 
l e t M e 1.(1/). S i n c e M i s an A- i n v a r i a n t s u b s p a c e of (/ and t h e r e f o r e 
A 
c o n t a i n s 0, t h e r e e x i s t s an i n t e r v a l [0,M] of f i n i t e l e n g t h i n 1 (I/). 
A 
I f t h e r e i s no X e 1"(V) such t h a t 0 _ X c M, t h e n M i s an a t o m , and t h e 
., A •'* 
r e q u i r e m e n t i s s a t i s f i e d . I f t h e r e i s an X € • ! " ( ( / ) such t h a t 0 c X c 
1 A f- . J. -
Al, t h e n e i t h e r t h e i n t e r v a l [0,X^] i s s i m p l e i n which c a s e X^ i s an atom 
and X^ c M, s o t h a t M c o n t a i n s an a t o m , o r [0,X^] i s n o t s i m p l e i n which 
c a s e t h e r e i s an X^ such t h a t 0 c X^ X^. I f X^ i s such t h a t t h e 
n t e r v a l [OjX^] i s s i m p l e , t h e n X^ i s an atom and X^ _ X^ c M„ O t h e r w i s e 
we p r o c e e d f u r t h e r i n t h i s manner . T h i s p r o c e s s h a s t o t e r m i n a t e s i n c e 
t h e i n t e r v a l [0,M] i s of f i n i t e l e n g t h and e v e r y i n t e r v a l [0,X^+^J i s 
p r o p e r l y c o n t a i n e d i n t h e i n t e r v a l [0,X^] s o t h a t t-0jX^ + ^] i s s h o r t e r 
t h a n [0,X.] f o r a l l X. e 1" (I/) . Thus c o n t i n u i n g w i t h t h e above 
I i A 
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c o n s t r u c t i v e p r o c e d u r e , we w i l l e v e n t u a l l y f i n d an X e LA(l/) such t h a t 
m A 
t h e i n t e r v a l [0,X ] i s s i m p l e and hence X i s an atom c o n t a i n e d I n M. m m 
I t must be p o i n t e d o u t t h a t a l t h o u g h L(l/) i s a complemented l a t ­
t i c e , L"(l/] I s n o t n e c e s s a r i l y complemented . 
Theorem 2 . 5 . 4 . Let a: L'*[V) -+ be a l a t t i c e endomorphism 
i n d u c e d by t h e o p e r a t o r P: 1/ 1/ which i s o n e - t o - o n e b u t o t h e r w i s e a r b i ­
t r a r y . Then a (L*{ ('(/))• i s i s o m o r p h i c t o i-?(V) and t h e l a t t i c e a ( l " ((/)). . i s 
a l a t t i c e o f i n v a r i a n t s u b s p a c e s w i t h r e s p e c t t o t h e o p e r a t o r PAP \ 
Proof. The f i r s t s t a t e m e n t o f t h e t heo rem i m m e d i a t e l y f o l l o w s 
from t h e f a c t t h a t a l a t t i c e morphism i s i n v e r t i b l e i f and o n l y i f i t i s 
a l a t t i c e i somorph i sm [ 2 6 ] and t h e second s t a t e m e n t o f t h e t h e o r e m i s 




C o r o l l a r y 2 . 5 . 1 . The l a t t i c e s ' Lj ((/j and L" . ' ( ( / ) , where A and 
_1 ~ " • PAP" 1 
PAP a r e s i m i l a r m a t r i c e s o f t h e l i n e a r o p e r a t o r T: 1/.V, a r e i s o m o r ­
p h i c and t h e i r f i x e d p o i n t s a r e t h e same. 
T h i s c o r o l l a r y i s i m p o r t a n t i n i n v e s t i g a t i n g some s t r u c t u r a l 
p r o p e r t i e s o f t h e s y s t e m (S) t h a t a r e i n v a r i a n t u n d e r e q u i v a l e n c e t r a n s ­
f o r m a t i o n s , such as c o n t r o l l a b i l i t y and o b s e r v a b i l i t y . 
The s e t of o r t h o g o n a l complements o f a l l t h e e l e m e n t s of t h e l a t -
t i c e / . ( ! / ) , . d e n o t e d by /."(t/J , w i l l p l a y an i m p o r t a n t r o l e i n t h e 
A A 
l a t t i c e - t h e o r e t i c c h a r a c t e r i z a t i o n o f t h e o b s e r v a b i l i t y p r o p e r t i e s o f 
t h e s y s t e m ( S ) . Here we w i l l i n v e s t i g a t e and f o r m a l i z e some p r o p e r t i e s 
o f t h e s e t _"(l /) . 
Theorem 2 . 5 . 5 . A l l e l e m e n t s o f Z"(̂) a r e A T - i n v a r i a n t s u b s p a c e s 
——————————————————— i \ 
of V. 
Proof. Let M e L*(V), t h u s AM c M, i . e . , f o r a l l X e M, Ax e M. 
Suppose y i s an e l e m e n t o f t h e o r t h o g o n a l complement o fM, i . e . , y e M1, 
Then <Ax,y> = 0 , But <Ax,y> - <x,A T y> = 0 . Th is i m p l i e s t h a t A T y e M1, 
S i n c e y e M1'=»ATjr 6 M1, M1 i s an A T - i n v a r i a n t s u b s p a c e of V. 
Lemma 2 . 5 . 2 . I f M1 and N1 a r e A T - i n v a r i a n t s u b s p a c e s o f I/, t h e n 
M1 n W1 and M1 + N1 a r e a l s o A T - i n v a r i a n t s u b s p a c e s o f I/. 
Theorem 2 . 5 . 6 . (I/) i s a sub l a t t i c e of L[\J) . -————--———————————— /. 
P r o o f . Le t M1,̂ 1 e.I*(L/.J. By Lemma 2 . 5 . 2 , M1 n A/1 e and 
A A 
M1 n H1 e Z* (I/) . S i n c e M1 n A/1 e JL(l/) and M1 + A/1 e L(l/), i t f o l l o w s 
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that L"(l/) is a sublattice of 1 ( 1 / ) . 
Theorem 2 . 5 . 7 . I/) i s d u a l l y i s o m o r p h i c t o U) 
Proof. The p r o o f f o l l o w s from Theorem 2 . 4 . 2 . 
2 . 6 L a t t i c e s o f I n v a r i a n t Subspaces G e n e r a t e d by t h e 
J o r d a n C a n o n i c a l Form of t h e M a t r i x of a L i n e a r O p e r a t o r 
I t i s w e l l known t h a t t h e m a t r i x A of e v e r y l i n e a r o p e r a t o r T on 
a f i n i t e - d i m e n s i o n a l l i n e a r v e c t o r s p a c e o v e r t h e f i e l d R o f r e a l num­
b e r s can be t r a n s f o r m e d t o a b l o c k d i a g o n a l m a t r i x J ( A ) , c a l l e d t h e 
J o r d a n c a n o n i c a l form of t h e m a t r i x A, by an a p p r o p r i a t e e q u i v a l e n c e 
t r a n s f o r m a t i o n [ 6 3 ] . The form o f J ( A ) i s shown b e l o w . 
1 
1 
] J 2 1 ( V | 
i _ R V N 
i J k i ( V .!• 
I J (A ) I mq q j 
( 2 . 1 3 ) 
For a r e a l e i g e n v a l u e each J ^ A X p , c a l l e d a J o r d a n b l o c k , i s 
an u p p e r t r i a n g u l a r s q u a r e m a t r i x w i t h A^ on t h e d i a g o n a l and ones 
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o c c u r r i n g i n a l l p l a c e s j u s t above t h e d i a g o n a l . A g e n e r a l J_.^(X.) i s 
shown b e l o w . 
X. 
1 
1 0 o . - 0 
0 X. 
1 






1 .. 0 (2.14) 
0 0 0 0 X. 
1 
on t h e o t h e r h a n d , f o r a complex e i g e n v a l u e X, = a, ± IT, , t h e J o r d a n 
K K K 
BLOCK WILL HAVE THE FOLLOWING QUASI-DIAGONAL FORM [63].. 
(2.15) 
33 
In summary, g i v e n any l i n e a r o p e r a t o r T on a f i n i t e - d i m e n s i o n a l 
l i n e a r v e c t o r s p a c e o v e r t h e f i e l d R of r e a l n u m b e r s , t h e r e e x i s t s a 
b a s i s i n which t h e m a t r i x A of T i s q u a s i - d i a g o n a l , made up of b l o c k s of 
t h e form ( 2 . 1 4 ) and ( 2 . 1 5 ) , where X^, i = l , 2 , . . . , m , a r e t h e r e a l e i g e n ­
v a l u e s and ± i t , , k - 1 , 2 , . . . , s , t h e complex e i g e n v a l u e s of A. A 
k k 
method f o r u n i q u e l y d e t e r m i n i n g t h e s i z e s of t h e b l o c k s i s d e s c r i b e d i n 
[ 6 3 ] . 
From h e r e o n , u n l e s s o t h e r w i s e s p e c i f i e d , L" (I/) i s assumed t o be 
a f i n i t e l a t t i c e . 
Based on t h e v e c t o r s p a c e t h e o r y of t h e J o r d a n c a n o n i c a l form and 
i t s c o r r e s p o n d i n g l a t t i c e - t h e o r e t i c i n t e r p r e t a t i o n s , we w i l l f o r m u l a t e , 
i n a s t r a i g h t f o r w a r d manner , a number of r e s u l t s i n t h e f o l l o w i n g t h e ­
o r e m s . P r o o f s w i l l be p r o v i d e d o n l y when t h e a s s e r t i o n s do n o t seem t o 
be o b v i o u s . 
Theorem 2 . 6 . 1 . Let A. be a J o r d a n b l o c k i n t h e c a n o n i c a l form of 
. I '. 
t h e m a t r i x A, and l e t l/̂  _. V, i = l , 2 , . . . , p , be t h e s u b s p a c e c o r r e s p o n d ­
i n g t o t h a t b l o c k i n t h e d i r e c t sum d e c o m p o s i t i o n of t h e s p a c e I/. Le t 
be t h e s e t of i n v a r i a n t s u b s p a c e s of 1/ c o n t a i n e d i n l/^, i = 1 , 2 , . . . , 
p . Then C. c o r r e s p o n d s t o a c h a i n [0,1/.] i n L(l/) of l e n g t h d . i f A. i s 
I I l I 
:d1:- . . . 
a s s o c i a t e d w i t h a r e a l e i g e n v a l u e and — i f A^ i s a s s o c i a t e d w i t h a 
complex e i g e n v a l u e of t h e m a t r i x A, where d — i s t h e d i m e n s i o n of l/^, 
i" = 1 , 2 , . . . , p . 
I t f o l l o w s from t h e above t heo rem t h a t t h e number of e l e m e n t s i n 
t h e c h a i n [0,1/^] a s s o c i a t e d w i t h t h e r e a l d ^ - d i m e n s i o n a l l i n e a r s u b s p a c e 
I / / i s e q u a l t o (d^+1) i f t h e c o r r e s p o n d i n g J o r d a n b l o c k A^ i s a s s o c i a t e d 
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w i t h a r e a l e i g e n v a l u e , and i s e q u a l t o (— + l ) i f i s a s s o c i a t e d 
w i t h a complex e i g e n v a l u e . 
N o t i c e t h a t i n t h e c a s e of a complex e i g e n v a l u e d^ w i l l a lways be 
an even i n t e g e r s i n c e t h e complex r o o t s of t h e c h a r a c t e r i s t i c p o l y n o m i a l 
d. 
of A w i l l a lways a p p e a r a s complex c o n j u g a t e p a i r s , s o t h a t (— + l ) i s 
an i n t e g e r [63]. 
To i l l u s t r a t e t h e d i r e c t c o n n e c t i o n be tween t h e l i n e a r v e c t o r 
s p a c e d i r e c t sum d e c o m p o s i t i o n and t h e l a t t i c e - t h e o r e t i c f o r m u l a t i o n i n 
t h e above t h e o r e m , f o r t h e c a s e of d i s t i n c t r e a l e i g e n v a l u e s , s u p p o s e 
t h a t t h e i n v a r i a n t s u b s p a c e l/^ i n t h e d i r e c t sum d e c o m p o s i t i o n 
1/ = 1/ 9 l / n $ $ 1/ , h a s d i m e n s i o n d . , i = 1 , 2 , . . . , p . T h i s i m p l i e s 1 2 p I 
t h a t l/^ has a s i t s i n v a r i a n t s u b s p a c e s W „ , j = 1 , 2 , . . . , d ^ + l , of d imen­
s i o n s d^ - k , k = 0 , 1 , 2 , . . . , d ^ , such t h a t s u b s p a c e s of d i m e n s i o n d^ - k 
p r o p e r l y c o n t a i n s u b s p a c e s of d i m e n s i o n d^ - ( k + 1 ) , k = 0 , 1 , 2 , . . . , d ^ - l . 
In t e rms of t h e s t r u c t u r e of t h e l a t t i c e L ^ . l / ) , t h i s i s p r e c i s e l y t h e 
same t h i n g a s s a y i n g t h a t , j = 1 , 2 , . . . , c L + l form a c h a i n . We w i l l 
d e m o n s t r a t e t h i s a n a l o g y by an e x a m p l e . Suppose t h a t t h e J o r d a n 
c a n o n i c a l form J (A) of a m a t r i x A c o n s i s t s of t h r e e b l o c k s A^, A_, and 
' A 3 ' i - e - ' • • ' • 




where t h e s u b m a t r i c e s , A^, A_, and A_ a r e a s s o c i a t e d w i t h d i s t i n c t r e a l 
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e i g e n v a l u e s and a r e 3 * 3 , 2 * 2 , and 4 x 4 , r e s p e c t i v e l y . Then t h e 
c h a i n s [0,1/^] g e n e r a t e d by A^, i = 1 , 2 , 3 a r e 
"3 
V: 
c 4-- d i m e n s i o n a l i n v a r i a n t s u b s p a c e s 
o K ( > - d i m e n s i o n a l i n v a r i a n t s u b s p a c e s 
T c c > 2-- d i m e n s i o n a l i n v a r i a n t s u b s p a c e s 
0 c > c ) 1-- d i m e n s i o n a l I n v a r i a n t s u b s p a c e s 
o c > < > 0-- d i m e n s i o n a l i n v a r i a n t s u b s p a c e s 
0 0 0 
For b l o c k s a s s o c i a t e d w i t h complex d i s t i n c t e i g e n v a l u e s of t h e 
m a t r i x A and t h e i r c o r r e s p o n d i n g i n v a r i a n t s u b s p a c e s , t h e above a r g u ­
ments w i l l have t o be m o d i f i e d a c c o r d i n g t o t h e s u b s p a c e d i m e n s i o n a l i t y 
p r o p e r t y i m p a r t e d by t h e e x i s t e n c e of t h e complex e i g e n v a l u e s . In t h i s 
c a s e t h e d i m e n s i o n of a J o r d a n b l o c k i s an even i n t e g e r , s ay 2 d ^ , where 
dp i s a p o s i t i v e i n t e g e r , and t h e c o r r e s p o n d i n g i n v a r i a n t s u b s p a c e h a s 
s u b s p a c e s of d i m e n s i o n s 2d^ - 2m, m = l , 2 , . . . , d ^ , such t h a t s u b s p a c e s of 
d i m e n s i o n 2d^ - 2m p r o p e r l y c o n t a i n s u b s p a c e s of d i m e n s i o n 2d^ - 2 ( m - l ) , 
m = 1 , 2 , . . . , d p + l . For e x a m p l e , i f 
J ( A ) = o o 
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where A , A , and A a r e 3 x 3 , 2 x 2 , and 4 x 4 , r e s p e c t i v e l y ; A and 
A a r e a s s o c i a t e d w i t h d i s t i n c t r e a l e i g e n v a l u e s and h w i t h a complex 
e i g e n v a l u e of A. For t h i s c a s e t h e c h a i n s [0,1/^] g e n e r a t e d by A^, 
i = 1 , 2 , 3 a r e shown b e l o w . 
4 - d i m e n s i o n a l i n v a r i a n t s u b s p a c e s 
3 - d i m e n s i o n a l i n v a r i a n t s u b s p a c e s 
2 - d i m e n s i o n a l i n v a r i a n t s u b s p a c e s 
1 - d i m e n s i o n a l i n v a r i a n t s u b s p a c e s 
O - d i m e n s i o n a l i n v a r i a n t s u b s p a c e s 
Theorem 2 . 6 . 2 . The l a t t i c e L"[V) i s t h e d i r e c t p r o d u c t of t h e 
c h a i n s [0,1/^] g e n e r a t e d by t h e J o r d a n b l o c k s A^, i = l , 2 , . . . , p , of t h e 
J o r d a n c a n o n i c a l form of t h e m a t r i x A. 
In o r d e r t o d e m o n s t r a t e t h e g e n e r a t i o n scheme f o r t h e l a t t i c e 
, p r o v i d e d by Theorem 2.6.2, we w i l l g i v e s e v e r a l examples of t h e 
A 
J o r d a n c a n o n i c a l forms of d i f f e r e n t m a t r i c e s and t h e i r a s s o c i a t e d l a t ­
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I t i s a p p a r e n t from t h e above examples t h a t t h e c o m p l e x i t y of t h e 
l a t t i c e d i a g r a m s i n c r e a s e s w i t h t h e d i m e n s i o n of t h e m a t r i x A. However , 
i t t u r n s o u t t h a t f o r l a t t i c e s whose g e n e r a t i n g segmen t s c o n s i s t o n l y of 
c h a i n s , s i m p l e a l g o r i t h m i c g e n e r a t i o n schemes can be d e v e l o p e d . E a r l i ­
e r we i n d i c a t e d t h a t t h e J o r d a n c a n o n i c a l form of t h e m a t r i x of a l i n e a r 
o p e r a t o r w i t h d i s t i n c t e i g e n v a l u e s a s s o c i a t e d w i t h d i f f e r e n t J o r d a n 
b l o c k s g e n e r a t e s two t y p e s of l a t t i c e of i n v a r i a n t s u b s p a c e s : 
1 . L a t t i c e s whose g e n e r a t i n g segmen t s c o n s i s t of c h a i n s 
of u n i t l e n g t h ; t h e s e l a t t i c e s a r e c a l l e d Boolean 
lattices o r Boolean algebras (Examples 2 , 5 ) . 
Z. L a t t i c e s whose g e n e r a t i n g segmen t s c o n s i s t o f c h a i n s 
of v a r y i n g l e n g t h s ; t h e s e l a t t i c e s a r e c a l l e d 
factorization lattices (Examples 3 , 4 , 6 ) . 
Formulas f o r d e t e r m i n i n g t h e number of e l e m e n t s a t d i f f e r e n t 
l e v e l s of t h e s e l a t t i c e s and s i m p l e r u l e s f o r d r awing t h e l a t t i c e d i a ­
grams a r e known t o e x i s t f o r t h e s e two t y p e s o f l a t t i c e [ 2 6 ] . 
E a r l i e r we showed t h a t t h e l a t t i c e Ml/) i s n o t , i n g e n e r a l , a 
d i s t r i b u t i v e l a t t i c e . However, t h e s u b l a t t i c e i?••(!/) of 1(V) i s d i s -
A 
t r i b u t i v e a s shown i n t h e f o l l o w i n g t h e o r e m . 
Theorem 2 . 6 . 3 . J-7(l/) i s a d i s t r i b u t i v e l a t t i c e . 
• 1 1 A 
Proof. By Theorem 2 . 6 . 1 , [0 ,1^] , i = 1 , 2 , p , a r e c h a i n s i n 
t h e l a t t i c e L (I/) . I t i s known t h a t a c h a i n i s a d i s t r i b u t i v e l a t t i c e 
and t h e d i r e c t p r o d u c t of d i s t r i b u t i v e l a t t i c e s i s a d i s t r i b u t i v e l a t ­
t i c e [ 2 6 ] . 
Theorem 2 . 6 . 4 . The e l e m e n t s o f t h e c h a i n s [ t ) . l / ^ ] , i = 1 , 2 , . . . , p , 
of t h e p r o d u c t l a t t i c e I'M I/) a r e t h e i r r e d u c i b l e e l e m e n t s of t h e l a t t i c e 
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L"[V). C o n s e q u e n t l y , e v e r y e l e m e n t of t h e l a t t i c e L"(.I/) can be 
A A 
e x p r e s s e d a s t h e j o i n of some e l e m e n t s of t h e c h a i n s [0,1/̂]. 
Theorem 2.6.5. The l a t t i c e L [V) i s complemented i f f t h e n x n 
_______________ A 
m a t r i x A has h d i s t i n c t e i g e n v a l u e s . 
Theorem 2.6.6. The l a t t i c e 1 " (I/) i s a Boolean a l g e b r a i f f A h a s 
______________ A 
n d i s t i n c t e i g e n v a l u e s . 
Proof. Suppose t h a t A has n d i s t i n c t e i g e n v a l u e s . Then by 
Theorem 2.6.5 i-"(l/J i s complemented . But by Theorem 2.6.3 i-"(V). i s a 
Pi Pi 
d i s t r i b u t i v e l a t t i c e . T h e r e f o r e i s a complemented d i s t r i b u t i v e 
A 
l a t t i c e and hence a Boolean a l g e b r a . C o n v e r s e l y , i f L" (I/) i s a Boo lean 
A 
a l g e b r a and hence complemented , by Theorem 2.6.5, t h e m a t r i x A h a s n 
d i s t i n c t e i g e n v a l u e s . 
Theorem 2.6.7. "i-.'(V) i s a f i n i t e l a t t i c e i f f i n t h e J o r d a n 
• A 
c a n o n i c a l form of A, each e i g e n v a l u e a s s o c i a t e d w i t h a J o r d a n b l o c k i s 
d i s t i n c t from an e i g e n v a l u e a s s o c i a t e d w i t h a n o t h e r J o r d a n b l o c k . 
C o r o l l a r y 2.6.1. !-''*[[/} 1 S a f i n i t e l a t t i c e i f f t h e m a t r i x A h a s 
_________________ A 
n d i s t i n c t e i g e n v a l u e s . 
Theorem 2.6.8. L̂(l/) i s an i n f i n i t e l a t t i c e i f f i n t h e J o r d a n 
c a n o n i c a l form of A two o r more b l o c k s a r e a s s o c i a t e d w i t h one and t h e 
same e i g e n v a l u e of A. 
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CHAPTER I I I 
CONTROLLABILITY AND OBSERVABILITY 
3 . 1 S t a t e C o n t r o l l a b i l i t y 
For a s t a t e x ( t ) € R n of t h e s y s t e m (S) t o be controllable,the 
n e c e s s a r y and s u f f i c i e n t c o n d i t i o n i s t h a t x ( t ) be an e l e m e n t of t h e 
s u b s p a c e 
r
 1 i 2 1 i n - l , = span{B j AB j A B { • • • J A B } , 
t h a t i s , £ i s t h e controllable subspace of t h e s t a t e s p a c e of t h e 
s y s t e m (S) [ 5 ] , C l e a r l y i s a s u b s p a c e of t h e l i n e a r v e c t o r s p a c e V 
and t h u s i s an e l e m e n t of t h e l a t t i c e M l / ) . F u r t h e r m o r e , s i n c e 0^ i s an 
A - i n v a r i a n t s u b s p a c e of I/, Q. i s an e l e m e n t of L"(l/). We a l s o o b s e r v e 
C . Pi 
t h a t (T, i s t h e s m a l l e s t A - i n v a r i a n t s u b s p a c e of 1/ which c o n t a i n s t h e 
r a n g e of t h e i n p u t m a t r i x B , R(B) = {x: x = Bu f o r some u e R m } , i . e . . 
£ = R(B) + AR(B) + A 2 R(B) + . . . + A° ^ ( B ) c 
We summarize t h e s e o b s e r v a t i o n s i n t h e f o l l o w i n g t h e o r e m . 
Theorem 3 . 1 . 1 . The s u b s p a c e X of t h e l i n e a r v e c t o r s p a c e 1/ i s a 
c o n t r o l l a b l e s u b s p a c e of t h e s t a t e s p a c e of t h e s y s t e m (S) i f f 
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X = inf{L*(l/) n [R(B)]A}. 
C o r o l l a r y 3 . 1 . 1 . Le t {M} be t h e s e t of a l l e l e m e n t s of L*[l/) 
" '" ' 1 1 A 
which c o n t a i n R(B). Then t h e c o n t r o l l a b l e s u b s p a c e X i s inf{M}. 
T h i s c o r o l l a r y can be e q u i v a l e n t l y s t a t e d a s f o l l o w s . 
C o r o l l a r y 3 , 1 . 1 ' . For some M e L"(l/), M i s a c o n t r o l l a b l e s u b -____________________________ A 
s p a c e i f f J,[M,R(B)] < JlLN,R(B)J f o r a l l N €•_*(!/), M ^ W. 
A 
C o r o l l a r y 3 . 1 . 2 . For any i n p u t m a t r i x B e { B ) n x _ and any 
X e _ " ( ( / ) , X i s a c o n t r o l l a b l e s u b s p a c e i f f t h e i n t e r v a l [X,R(B)] d o e s 
n o t c o n t a i n any o t h e r e l e m e n t s of Z-?(f) e x c e p t t h e e l e m e n t X. 
A 
Let dim[R(B)] d e n o t e t h e d i m e n s i o n of t h e r a n g e of t h e i n p u t 
m a t r i x B. Now, d im[J . (B) ] i s e q u a l t o r ( B ) , t h e r a n k of t h e m a t r i x B. 
I f t h e m a t r i x B i s of s i z e n x m, and m > r ( B ) , t h e n m - r ( B ) of 
t h e s y s t e m i n p u t s a r e d e p e n d e n t ; t h e s e a r e " s u p e r f l u o u s " i n t h e s e n s e 
t h a t t h e y do n o t a f f e c t t h e o u t p u t of t h e s y s t e m . C o n s e q u e n t l y , r ( B ) 
r e p r e s e n t s t h e number of " e f f e c t i v e " i n p u t s which can i n f l u e n c e t h e 
s t a t e v e c t o r of t h e s y s t e m . 
We w i l l say t h a t two m a t r i c e s B^ and B~ a r e i n p u t e q u i v a l e n t i f 
R(B )̂ = R'CB̂ ) a n d , u n l e s s o t h e r w i s e s t a t e d , any e l e m e n t of t h e e q u i v a ­
l e n c e c l a s s t h u s d e f i n e d may be t a k e n a s a r e p r e s e n t a t i v e of t h e whole 
c l a s s , name ly , t h e c l a s s of a l l m a t r i c e s h a v i n g t h e same r a n g e . 
The sys t em (S) i s s a i d t o be c o m p l e t e l y s t a t e c o n t r o l l a b l e i f 
and o n l y i f 
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= span{B | AB j A 2B j •• • JA" 1 B } = '(/. 
As an immedia te consequence of t h i s d e f i n i t i o n we can c h a r a c t e r i z e t h e 
s e t of a l l i n p u t m a t r i c e s { B } n x _ f o r which t h e s y s t e m (S) i s c o m p l e t e l y 
s t a t e c o n t r o l l a b l e . 
Theorem 3 . 1 . 2 . For any i n p u t m a t r i x B e {B} , t h e s y s t e m (S) 
i s c o m p l e t e l y s t a t e c o n t r o l l a b l e i f f t h e s u b l a t t i c e [R(B),l/] of L(l/) h a s 
o n l y t h e u n i t e l e m e n t i n common w i t h t h e s u b l a t t i c e L"(l/). 
Theorem 3 . 1 . 3 . Let X e ^ ( ^ ) f o r some f i x e d m a t r i x A of t h e 
sy s t em ( S ) . The s e t of a l l i n p u t m a t r i c e s {B} f o r which X i s a c o n -
J • • : . n x m 
t r o l l a b l e s u b s p a c e of t h e s t a t e s p a c e of t h e s y s t e m (S) c o n s i s t s of t h e 
m a t r i c e s whose r a n g e s a r e e l e m e n t s of t h e s e t 
X V - uM V. 
M c X • 
Me L*(l/) 
Next we w i l l c o n s i d e r t h e q u e s t i o n of e x i s t e n c e of an i n p u t 
m a t r i x of t h e s m a l l e s t r a n k f o r which t h e s y s t e m (S) i s s t a t e c o n t r o l ­
l a b l e . In o t h e r w o r d s , we wish t o d e t e r m i n e t h e c o n d i t i o n t o be 
imposed on t h e m a t r i x B f o r min imum-input s t a t e c o n t r o l l a b i l i t y . 
The c r i t e r i o n f o r minimum-input s t a t e c o n t r o l l a b i l i t y i s c o n ­
t a i n e d i n t h e f o l l o w i n g t h e o r e m . 
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Theorem 3 . 1 . 4 . Let X be a c o n t r o l l a b l e s u b s p a c e of t h e s t a t e 
s p a c e of t h e s y s t e m (S) and c o n s i d e r t h e p o s e t 
0/ •= X V - u M V . 
S M c X 
M € L A ( l / ) 
Then t h e minimum number of i n p u t s needed t o c o n t r o l t h e s t a t e v e c t o r of 
t h e s y s t e m , o r e q u i v a l e n t l y , t h e r a n k of t h e i n p u t m a t r i x f o r which t h e 
s y s t e m i s minimum-input s t a t e c o n t r o l l a b l e i s e q u a l t o t h e d i m e n s i o n of 
t h e min imal e l e m e n t i n W. 
Theorem 3 . 1 . 5 . C o n s i d e r t h e s i n g l e - i n p u t d y n a m i c a l s y s t e m 
x = Ax + bu . ( S T ) 
The sys t em ( s T ) i s s t a t e c o n t r o l l a b l e f o r some i n p u t v e c t o r b € R n i f f 
t h e l a t t i c e L" (I/) i s f i n i t e . 
Proof. C o n s i d e r t h e l i n e a r t r a n s f o r m a t i o n z =. Tx of t h e s t a t e 
v e c t o r x € R n which t r a n s f o r m s t h e s y s t e m ( S ' ) i n t o 
z = TAT 1 z + Tbu, ( S M ) 
where TAT i s t h e J o r d a n c a n o n i c a l form of A. I t i s known t h a t t h e 
s y s t e m ( S T ) i s s t a t e c o n t r o l l a b l e i f and o n l y i f : 
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1 . Each e i g e n v a l u e a s s o c i a t e d w i t h a J o r d a n b l o c k i s 
d i s t i n c t from an e i g e n v a l u e a s s o c i a t e d w i t h a n o t h e r 
J o r d a n b l o c k . 
2 . Each e l e m e n t b^ of t h e v e c t o r b = Tb a s s o c i a t e d w i t h 
t h e b o t t o m row of each J o r d a n b l o c k i s n o n z e r o [ 7 1 ] . 
The t h e o r e m now f o l l o w s from t h e f a c t t h a t f i n i t e n e s s of LA (I/) i s 
A 
e q u i v a l e n t t o c o n d i t i o n ( 1 ) and o b v i o u s l y we can f i n d an i n p u t v e c t o r b 
such t h a t Tb i which s a t i s f i e s c o n d i t i o n ( 2 ) . 
I f X c i s t h e c o n t r o l l a b l e s u b s p a c e of t h e s t a t e s p a c e of t h e 
sys t em ( S ) , t h e n i t i s w e l l known t h a t no i n p u t can c o m p l e t e l y c o n t r o l 
t h e s t a t e v e c t o r of t h e s y s t e m which i s c o n t a i n e d i n t h e d i r e c t c o m p l e ­
ment X^ of t h e s u b s p a c e X ^ . The s u b s p a c e X^ i s c a l l e d an uncontrollable 
subspace of t h e s t a t e s p a c e of t h e s y s t e m ( S ) . That i s , any s u b s p a c e 
X such t h a t X + X = 1 / and X n X - 0 q u a l i f i e s f o r an u n c o n t r o l -c c c c c 
l a b l e s u b s p a c e . As such u n c o n t r o l l a b l e s u b s p a c e s a r e n o t u n i q u e . How­
e v e r , an u n c o n t r o l l a b l e s u b s p a c e can be u n i q u e l y s p e c i f i e d by c h o o s i n g 
i t t o be t h e o r t h o g o n a l complement of X ^ . T h i s s u b s p a c e w i l l be 
d e n o t e d by X 1 . S i n c e X 1 i s an A T - i n v a r i a n t s u b s p a c e , X 1 e L ( I / ) . From 
C C C Pi 
t h e above d i s c u s s i o n , t h e a rgument p r e c e d i n g Theorem 3 . 1 . 1 , and C o r o l ­
l a r y 2 . 4 . 1 , t h e f o l l o w i n g t heo rem i s e v i d e n t . 
Theorem 3 . 1 . 6 . Le t X^ be t h e c o n t r o l l a b l e s u b s p a c e of t h e s t a t e 
s p a c e of t h e sys t em ( S ) . Then 
X^ = sup{I^(V) n (R- (B)) 1 }. 
T h i s t h e o r e m e s s e n t i a l l y s a y s t h a t t h e u n c o n t r o l l a b l e s u b s p a c e 
X^ i s t h e g r e a t e s t s u b s p a c e of t h e s t a t e s p a c e of t h e s y s t e m (S) which 
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i s A - i n v a r i a n t and i s c o n t a i n e d i n t h e s u b s p a c e (R(B)) . 
Making use of t h e r e l a t i o n s h i p be tween t h e r a n g e and n u l l s p a c e 
of a l i n e a r o p e r a t o r E: 1/ I/, g i v e n i n t h e f o l l o w i n g lemma, we can 
r e s t a t e Theorem 3 . 1 . 6 i n t e r m s of W(B T ) . 
Lemma 3 . 1 . 1 Let E: 1/ ->- 1/ be a l i n e a r o p e r a t o r . Then 
( R ( E ) ) 1 = W ( E T ) . 
Proof. Le t y T e W(E T) and y e R ( E ) . Then y = Ex f o r some x e I/. 
But <y,y T >• '= <Ex ,y T > = < x , E T y T > = 0 shows t h a t y T e ( R ( E ) ] 1 . Hence 
W(E T) c ( R ( B ) ) 1 . 
Now assume y T e ( R C E ) ] 1 . Then f o r e v e r y x e I/, <Ex ,y T > = 0 . 
T h i s i m p l i e s t h a t < x , A T y T > = 0 and hence t h a t ( R ( E ) ) 1 C W ( E T ) . 
We can s i m i l a r l y show t h a t t h e d u a l t o Lemma 3 . 1 . 1 a l s o h o l d s , 
i . e . , 
R ( E T ) = ( N ( E ) ] 1 . 
Theorem 3 . 1 . 7 . Let be t h e c o n t r o l l a b l e s u b s p a c e of t h e s t a t e 
s p a c e of t h e sys t em ( S ) . Then 
s u p . r f l / ) n (W ( B T ) ) 7 } . X 1 = 
c 
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3 .2 Output C o n t r o l l a b i l i t y 
For t h e s y s t e m (S) t h e w e l l known c r i t e r i o n f o r ( c o m p l e t e ) s t a t e 
c o n t r o l l a b i l i t y i n t e r m s of t h e f i x e d m a t r i c e s A and B can be g e n e r a l ­
i z e d t o i n c l u d e t h e m a t r i c e s C and D and p r o v i d e an a n a l o g o u s c r i t e r i o n 
f o r ( c o m p l e t e ) o u t p u t c o n t r o l l a b i l i t y . We s t a t e t h i s r e s u l t i n t h e 
f o l l o w i n g t h e o r e m . 
Theorem 3 . 2 . 1 [ 4 8 ] . . The s y s t e m (S) i s o u t p u t c o n t r o l l a b l e i f f 
t h e c o m p o s i t e p x (n+l )m m a t r i x 
[CB ! CAB ! CA2B ! • • • ! C A n _ 1 B ! D] i i i i • 
h a s r a n k p . 
I f we c o n s i d e r a p l a n t w i t h o u t d i r e c t t r a n s m i s s i o n , i . e . , D = 0 , 
t h e n we s e e t h a t f o r any m a t r i x B, t h e o u t p u t c o n t r o l l a b l e s u b s p a c e of 
t h e o u t p u t s p a c e of t h e s y s t e m (S) i s t h e s p a c e of t h e column v e c t o r s 
of t h e m a t r i x [CB j CAB j CA2B j • • • j C A n _ 1 B ] , and i n a n a l o g y w i t h t h e i d e a 
of c o m p l e t e s t a t e c o n t r o l l a b i l i t y , t h e s y s t e m (S ) i s s a i d t o be com­
p l e t e l y o u t p u t c o n t r o l l a b l e i f and o n l y i f 
span{CB | CAB j CA2B j • • • j C A n _ 1 B } = V, 
where V i s t h e o u t p u t s p a c e of t h e s y s t e m . I t i s c l e a r t h a t ( c o m p l e t e ) 
s t a t e c o n t r o l l a b i l i t y can be c o n s i d e r e d a s a s p e c i a l c a s e of ( c o m p l e t e ) 
o u t p u t c o n t r o l l a b i l i t y s i n c e w i t h D = 0 and C = I , t h e two c r i t e r i a 
a r e i d e n t i c a l . 
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J u s t a s i n t h e c a s e of i n p u t s , we can d i f f e r e n t i a t e be tween 
" e f f e c t i v e " and " i n e f f e c t i v e " o u t p u t s i n t h e f o l l o w i n g s e n s e . I f 
r ( C ) < m i n ( p , n ) , t h e n m i n ( p , n ) - r ( C ) of t h e o u t p u t s of t h e s y s t e m w i l l 
be l i n e a r l y d e p e n d e n t on some r ( C ) of t h e l i n e a r l y i n d e p e n d e n t o u t p u t s 
t a k e n from t h e r a n g e s p a c e R(C) of t h e m a t r i x C. T h e r e f o r e , i t i s s u f ­
f i c i e n t t o c o n s i d e r any two m a t r i c e s and C_, a s b e i n g o u t p u t e q u i v a ­
l e n t i f and o n l y i f R(C^) = R(C,_). We w i l l c o n s i d e r any m a t r i x C from 
t h e e q u i v a l e n c e c l a s s t h u s d e f i n e d a s b e i n g r e p r e s e n t a t i v e of t h e whole 
c l a s s . 
Let a : L[l/) -*• L[Y) be a l a t t i c e morphism i n d u c e d by t h e l i n e a r c 
mapping C: 1/ V from t h e n - d i m e n s i o n a l l i n e a r v e c t o r s p a c e 1/ i n t o t h e 
p - d i m e n s i o n a l l i n e a r v e c t o r s p a c e V. As we have a l r e a d y s e e n , t h e map­
p i n g a i s ' a jo in-homomorphism b u t n o t i n g e n e r a l a meet-homomorphism 
at* 
(Theorem 2 . 4 . 1 ) . C o n s i d e r t h e jo in -homomorph ic image a (/-»(!/)) of t h e 
C Pi 
l a t t i c e of A - i n v a r i a n t s u b s p a c e s _ ( ( / ) . We c h a r a c t e r i z e t h e s e t 
A 
a^ (_^ ( I/) ] i n t h e f o l l o w i n g t h e o r e m . 
Theorem 3 . 2 . 2 . The s e t of a l l o u t p u t c o n t r o l l a b l e s u b s p a c e s of 
t h e o u t p u t s p a c e of t h e s y s t e m ( S ) , w i t h D = 0, forms a s u b - j o i n s e m i -
l a t t i c e a f - " ( l / )} of t h e modula r l a t t i c e L[V) . 
c v A J 
Proof. Le t M.W € C (I/) s o t h a t o (M), a (hi) e a (_."(!/)] . . S i n c e 
A C C C A 
a i s a jo in -homomorph i sm, we have 
a (M) + a (H) = a (M+M). 
c c c 
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But M + W €./ ." '(!/] and a (M+W) e a (C(V]1. Hence a (M) + a (W) e A c c ^ A ; c c 
a (L^(.(/)]'. Tha t i s ,
 a
c(̂ Â0 c o n t a i n s t h e j o i n of e v e r y p a i r of i t s 
e l e m e n t s and hence i s a s u b - j o i n s e m i - l a t t i c e of _ ( / ) . 
N o t i c e t h a t a (L (I/)) Is n o t i n g e n e r a l a sub -mee t s e m i - l a t t i c e 
c i \ 
and hence n o t a s u b l a t t i c e of i f / ) . T h i s i s e v i d e n t from t h e f a c t t h a t 
i s n o t i n g e n e r a l a meet-homomorphism. Tha t i s , M,W e 1(1/) does n o t 
n e c e s s a r i l y imply t h a t 
a (MnW) = a (M) n a (N) c c c 
and c o n s e q u e n t l y , a c(M), â C A/) e q c (L̂  ((/.)) . d o e s - n o t n e c e s s a r i l y imply 
t h a t 
ac(M) n ac(W) € a Q (/.*((/)). 
The u n i t e l e m e n t of t h e s u b - j o i n s e m i - l a t t i c e a • (1" (I/) J c o i n c i d e s 
c v A J 
w i t h t h e u n i t e l emen t of L[V) i f and o n l y i f t h e r a n k of t h e m a t r i x C 
A - • 
i s e q u a l t o o r g r e a t e r t h a n t h e l e n g t h of t h e s u b l a t t i c e [0,/] i n _ ( ( / ) , 
i . e . , r ( C ) > d i m ( Y ) . 
Now we w i l l t u r n t o t h e p rob lem of output uncontrollability. The 
o u t p u t y ( t g ) of a d y n a m i c a l s y s t e m i s s a i d t o be u n c o n t r o l l a b l e a t t i m e 
t Q i f i t i s n o t c o n t r o l l a b l e a t t i m e t '.• I f e v e r y o u t p u t y(t^) of a 
d y n a m i c a l s y s t e m i s u n c o n t r o l l a b l e a t t i m e t ^ , t h e n t h e s y s t e m i s s a i d 
t o be output uncontrollable a t t ^ . F u r t h e r m o r e , i f a d y n a m i c a l s y s t e m 
i s o u t p u t u n c o n t r o l l a b l e f o r a l l y ( t Q ) and a l l t i m e s t , t h e n we s a y 
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t h a t i t i s a (completely) output uncontrollable s y s t e m . 
I t s h o u l d be p o i n t e d o u t t h a t u n c o n t r o l l a b i l i t y i n t h e s t a t e 
s p a c e does n o t n e c e s s a r i l y imply, u n c o n t r o l l a b i l i t y i n t h e o u t p u t s p a c e 
w i t h r e s p e c t t o c e r t a i n i n p u t s . In t h e s y s t e m (S) w i t h D t 0 t h i s i s 
o b v i o u s ; i f D = 0, i t can be shown t h a t t h i s i s s t i l l t r u e . I n g e n e r a l , 
( c o m p l e t e ) s t a t e u n c o n t r o l l a b i l i t y can be c o n s i d e r e d a s a s p e c i a l c a s e 
of ( c o m p l e t e ) o u t p u t u n c o n t r o l l a b i l i t y j u s t a s ( c o m p l e t e ) s t a t e c o n ­
t r o l l a b i l i t y can be t r e a t e d a s a s p e c i a l c a s e of ( c o m p l e t e ) o u t p u t 
c o n t r o l l a b i l i t y . 
The n e c e s s a r y and s u f f i c i e n t c o n d i t i o n f o r o u t p u t u n c o n t r o l l a ­
b i l i t y of t h e sys t em ( S ) , w i t h D = 0 , i s g i v e n i n t h e f o l l o w i n g t h e o r e m . 
Theorem 3 . 2 . 3 . The s y s t e m ( S ) , w i t h D = 0 , i s c o m p l e t e l y o u t p u t 
u n c o n t r o l l a b l e i f f 
I t i s p o s s i b l e t o s p e c i f y t h e n e c e s s a r y and s u f f i c i e n t c o n d i t i o n 
f o r o u t p u t u n c o n t r o l l a b i l i t y of t h e s y s t e m (S) i n a p a r t i c u l a r s u b s p a c e 
of t h e o u t p u t s p a c e of t h e s y s t e m a s i n t h e f o l l o w i n g t h e o r e m . 
Theorem 3 . 2 . 4 . Let Y : a •+ L{YJ , w i t h VT c V be a l a t -,—; c y A J 1 l 
t i c e morphism i n d u c e d by t h e p r o j e c t i o n o p e r a t o r P : V V^ . Then t h e 
sys t em ( S ) , w i t h D = 0, i s o u t p u t u n c o n t r o l l a b l e i n t h e s u b s p a c e V • of; 
t h e o u t p u t s p a c e V i f f 
/ 
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( Y o c c ) ( L * ( l / ) ] = 0 , 
where t h e c o m p o s i t e l a t t i c e morphism 
y O a Q : 1(1/) + L[V±) 
i s i nduced by t h e c o m p o s i t e mapping 
POC: 1/ -> y . 
3 . 3 O b s e r v a b i l i t y 
E a r l i e r we n o t e d t h a t t h e c o n c e p t of o b s e r v a b i l i t y i s d u a l t o 
t h a t of s t a t e c o n t r o l l a b i l i t y f o r t h e sys t em (S) and u s i n g t h e D u a l i t y 
Theorem of Kalman [ 4 0 ] we can o b t a i n t h e o b s e r v a b i l i t y c r i t e r i a from 
t h o s e of s t a t e c o n t r o l l a b i l i t y i n a d i r e c t manner . Here we w i l l p r e s e n t 
a b r i e f d i s c u s s i o n of t h e o b s e r v a b i l i t y c r i t e r i a which p a r a l l e l s t h a t 
of s t a t e c o n t r o l l a b i l i t y . 
For a s t a t e x ( t ) e R n of t h e s y s t e m (S) t o be o b s e r v a b l e , i t i s 
n e c e s s a r y and s u f f i c i e n t t h a t x ( t ) be an e l e m e n t of t h e s u b s p a c e 
P q = s p a n { C T j A T C T j ( A T ) 2 C T j • • • j ( A T ) n _ 1 C T } . 
T h e r e f o r e , P q i s t h e o b s e r v a b l e s u b s p a c e of t h e s t a t e s p a c e of t h e 
sys t em ( S ) . C l e a r l y P q i s a s u b s p a c e of t h e l i n e a r v e c t o r s p a c e 1/ and 
t h u s P q e L ( l / ) . F u r t h e r m o r e , P q i s an A T - i n v a r i a n t s u b s p a c e of 1/ and 
hence P e L ( I / ) . We a l s o o b s e r v e t h a t P i s t h e s m a l l e s t A T - i n v a r i a n t 
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s u b s p a c e of 1/ which c o n t a i n s t h e r a n g e of t h e m a t r i x C T , t h a t i s , 
P = R ( C T ) + A T R ( C T ) + ( A T ) 2 R ( C T ) + • • • + ( A T ) n '•1'R(.CT). o 
We summarize t h e above o b s e r v a t i o n s i n t h e f o l l o w i n g t h e o r e m . 
Theorem 3 . 3 . 1 . The s u b s p a c e X of 1/ i s an o b s e r v a b l e s u b s p a c e of 
t h e s t a t e s p a c e of t h e s y s t e m ( S ) , w i t h D = 0, f o r some o u t p u t m a t r i x 
C i f f 
X = inf{Z*(l/) n ( R ( C T ) ) A } = inf{L*(l/) n [ ( N . E ) ) 1 ^ 
( s e e Lemma 3 . 1 . 1 ) . 
C o r o l l a r y 3 . 3 . 1 . Let {X} be t h e s e t of a l l e l e m e n t s i n l " (I/) 
which c o n t a i n R ( C T ) e L[U]. Then t h e o b s e r v a b l e s u b s p a c e i s i n f { X } . 
Th i s c o r o l l a r y can be e q u i v a l e n t l y s t a t e d a s f o l l o w s . 
C o r o l l a r y 3 . 3 . 1 ' . For some X e L f l ( l / ) , X i s an o b s e r v a b l e s u b -
____________________________ A 
s p a c e i f f S,[X,R(C T )] < £ [ M , R ( C T ) ] f o r a l l M e VLIV). and X 4 M. 
A 
C o r o l l a r y 3 . 3 . 2 . For any o u t p u t m a t r i x C e and any 
X e L ( I / ) , X i s an o b s e r v a b l e s u b s p a c e i f f t h e i n t e r v a l [X,R(C ) ] d o e s 
A 
n o t c o n t a i n any o t h e r e l e m e n t s of L [V] e x c e p t t h e e l e m e n t X. 
A 
The s y s t e m ( S ) , w i t h D = 0., i s s a i d t o be completely observable 
i f and o n l y i f P Q = I/. As a n a t u r a l c o n s e q u e n c e of t h i s d e f i n i t i o n , we 
53 
can c h a r a c t e r i z e t h e s e t of a l l o u t p u t m a t r i c e s {C} 
pxn 
f o r which t h e 
s y s t e m ( S ) , w i t h D - 0 , i s c o m p l e t e l y o b s e r v a b l e a s i n t h e f o l l o w i n g 
t h e o r e m . 
Theorem 3 . 3 . 2 . For any o u t p u t m a t r i x C e { C } ^ ^ , t h e s y s t e m ( S ) , 
w i t h D = 0 , i s c o m p l e t e l y o b s e r v a b l e i f f t h e s u b l a t t i c e [ R ( C T ) , l / ] h a s 
o n l y t h e u n i t e l e m e n t 1/ of t h e l a t t i c e 1(1/) i n common w i t h t h e l a t t i c e 
f o r which X i s an o b s e r v a b l e s u b s p a c e of t h e s t a t e s p a c e of t h e s y s t e m 
Theorem 3 . 3 . 3 . Le t X e 1 ( 1 / ) . The s e t of a l l o u t p u t m a t r i c e s 
( S ) , w i t h D = 0 , c o n s i s t s of t h e m a t r i c e s C e {C} 
pxn 
such t h a t 
R ( C T ) £ X V - u X V . 
M c X 
M e Z*(l/) 
Theorem 3 . 3 . 4 . The s i n g l e - o u t p u t d y n a m i c a l s y s t e m 
x •= Ax + Bu 
y 
T 
= c x 
i s o b s e r v a b l e f o r some o u t p u t v e c t o r c e R n i f f t h e l a t t i c e -.(I/) i s 
f i n i t e . 
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By a n a l o g y t o u n c o n t r o l l a b l e s u b s p a c e s , s u b s p a c e s which a r e 
d i r e c t complements of an o b s e r v a b l e s u b s p a c e X q a r e c a l l e d unobservable 
subspaces. I f some s t a t e x ( t ) e R n i s an e l e m e n t of such an u n o b s e r a b l e 
s u b s p a c e , t h e n x ( t ) c a n n o t be c o m p l e t e l y r e c o n s t r u c t e d from a r e c o r d of 
t h e s y s t e m ' s i n p u t s and o u t p u t s . I n p a r t i c u l a r , t h e o r t h o g o n a l c o m p l e ­
ment of t h e o b s e r v a b l e s u b s p a c e . C l e a r l y X -^ e [\J] . . • 
Theorem 3 . 3 . 5 . Le t X be t h e o b s e r v a b l e s u b s p a c e of t h e s t a t e 
s p a c e of t h e s y s t e m ( S ) . Then 
. V 
X1 = supÛl/) n (RCC7))1 
o r e q u i v a l e n t l y , 
X 1 = sup{L*(l/') n [W(C))V}. 
T h i s theorem e s s e n t i a l l y s a y s t h a t t h e u n o b s e r v a b l e s u b s p a c e of 
t h e s t a t e s p a c e of t h e s y s t e m (S) i s t h e g r e a t e s t A - i n v a r i a n t s u b s p a c e 
t h a t i s c o n t a i n e d i n t h e s u b s p a c e (R(CT))1 = W(C) ( s e e Lemma 3 . 1 . 1 ) . 
3 . 4 S t a t e Space D e c o m p o s i t i o n 
In S e c t i o n s 1 and 3 we n o t e d t h a t t h e two A - i n v a r i a n t s u b s p a c e s : 
t h e s u b s p a c e of a l l c o n t r o l l a b l e s t a t e s = span {B I AB i ••• I A B} 
and t h e s u b s p a c e of a l l o b s e r v a b l e s t a t e s P q = s p a n { C T j A T C T j • • • j 
( A T ) n ^CT} a r e i n t r i n s i c a l l y a s s o c i a t e d w i t h t h e s t a t e s p a c e of t h e 
s y s t e m ( S ) . Kalman [ 4 0 ] h a s shown t h a t i t i s a lw ays p o s s i b l e t o decom­
pose t h e whole s t a t e s p a c e i n t o a d i r e c t sum of f o u r i n v a r i a n t s u b s p a c e s . 
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To a c c o m p l i s h t h i s d e c o m p o s i t i o n , l e t us u n i q u e l y d e f i n e t h e A - i n v a r i a n t 
s u b s p a c e by iHl-^ - n P^ and t h e o t h e r t h r e e s u b s p a c e s by t h e f o l l o w ­
i n g r e l a t i o n s : 
A - W l ° W 2 > 
P 1 = W _ © W , 
o 1 ., 3 ' 
1/ = 0/ ' © W © W © W, . 
1 2 3 4 
The s u b s p a c e s W^, ft^* W^, a n d ft^ can be i d e n t i f i e d a s f o l l o w s . 
= s e t of s t a t e s which a r e c o n t r o l l a b l e b u t u n o b s e r v a b l e . 
^2 = s e t ° ^ s p a t e s which a r e c o n t r o l l a b l e and o b s e r v a b l e . 
W_ = s e t of s t a t e s which a r e u n c o n t r o l l a b l e and u n o b s e r v a b l e . 
= s e t of s t a t e s which a r e u n c o n t r o l l a b l e b u t o b s e r v a b l e . 
We n o t e t h a t » and a r e n o t u n i q u e l y d e f i n e d b e c a u s e of 
t h e many ways of fo rming t h e d i r e c t sum. I t i s c l e a r t h a t t h e s u b s p a c e s 
© W 2, and ft^ © W_ a r e A - i n v a r i a n t . 
The p r e c e d i n g d i s c u s s i o n can f o r m a l l y be summarized i n t h e f o l ­
l o w i n g t h e o r e m . 
C a n o n i c a l S t r u c t u r e Theorem of Kaiman [ 4 0 ] . The s t a t e s p a c e 1/ 
of e v e r y d y n a m i c a l s y s t e m (S) can be decomposed i n t o f o u r p a r t s a s i n d i ­
c a t e d a b o v e . R e l a t i v e t o t h i s d e c o m p o s i t i o n of f , t h e m a t r i c e s A, B , C, 











f ~ N 
B 1 
B~ 




C = (0 C_ 0 C ^ ) , D = D. 
Now we w i l l b r i e f l y d i s c u s s some c o n c e p t u a l i m p l i c a t i o n s of t h i s 
t h e o r e m . 
The theo rem e s s e n t i a l l y s a y s t h a t a t e v e r y f i x e d i n s t a n t t of 
t i m e , t h e r e i s a c o o r d i n a t e sy s t em i n t h e s t a t e s p a c e r e l a t i v e t o which 
t h e components of t h e s t a t e v e c t o r can be decomposed i n t o f o u r m u t u a l l y 
e x c l u s i v e p a r t s x = ( , x_,, x_,, ) , i . e . , x = x^ © x_ © x^ 9 x^ w i t h 
X i 6 ^ i ' ^ 0 t > ^ ~ T h i s d e c o m p o s i t i o n can be a c h i e v e d i n many 
ways , b u t t h e number of s t a t e v a r i a b l e s i n each p a r t i s t h e same f o r any 
such d e c o m p o s i t i o n . 
The z e r o s i n t h e m a t r i c e s A, B , and C can be h e u r i s t i c a l l y j u s t i ­
f i e d a s f o l l o w s : 
1 . S i n c e x ( t ) and x ( t ) a r e u n c o n t r o l l a b l e s t a t e s , i t s h o u l d 
n o t be p o s s i b l e t o c o n t r o l them d i r e c t l y by t h e i n p u t u o r i n d i r e c t l y 
by a l l o w i n g t e r m s i n v o l v i n g c o n t r o l l a b l e s t a t e s t o e n t e r i n t o t h e e q u a ­
t i o n s f o r x ( t ) and x . ( t ) . Hence , z e r o s a p p e a r i n t h e l a s t two "B" 
b l o c k s and a l s o i n t h e p o s i t i o n s A _ 1 5 A__, A l 9 and of t h e A 
m a t r i x . 
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2 . x ^ ( t ) and x g ( t ) a r e u n o b s e r v a b l e s t a t e s , i t s h o u l d n o t be 
p o s s i b l e t o i d e n t i f y them from t h e knowledge of t h e s y s t e m o u t p u t ; i . e . , 
t h e i r c o n t r i b u t i o n t o t h e sys t em o u t p u t must be z e r o . T h i s e x p l a i n s 
t h e z e r o s i n t h e C m a t r i x . F u r t h e r m o r e , t h e i r c o n t r i b u t i o n t o t h e 
s t a t e s x^Ct) and x ^ ( t ) s h o u l d be z e r o s i n c e t h o s e s t a t e s w i l l a p p e a r i n 
t h e o u t p u t e x p r e s s i o n . Hence we have z e r o s i n t h e p o s i t i o n s A_ , A , 
_. J . o 
A^^, and A of t h e A m a t r i x . 
As i t was p o i n t e d o u t i n C h a p t e r I , t h e p rob lem of s t a t e s p a c e 
d e c o m p o s i t i o n f o r a l i n e a r d y n a m i c a l s y s t e m h a s a l s o been i n v e s t i g a t e d 
by o t h e r a u t h o r s [ 2 4 , 2 9 , 6 9 , 7 0 ] . 
Next we p r e s e n t a l a t t i c e - t h e o r e t i c r e p r e s e n t a t i o n of Ka lman ' s 
C a n o n i c a l S t r u c t u r e Theorem. 
Let X e i-.(y)- and X. e -A(l/) d e n o t e t h e c o n t r o l l a b l e and o b -c A o A 
s e r v a b l e s u b s p a c e s of t h e s t a t e s p a c e of t h e sys t em ( S ) , r e s p e c t i v e l y . 
Then 
V = (X nX ) + (XXnX ) + (X n X 1 ) + ( X ^ X 1 ) , 
C O C O C O c o 
where X x e LA{VJ and X" e LJl/) a r e t h e u n c o n t r o l l a b l e and u n o b s e r v a b l e c A o A 
s u b s p a c e s of t h e s t a t e s p a c e of t h e s y s t e m ( S ) . 
A t w o - c h a i n l a t t i c e d i a g r a m o f t h i s d e c o m p o s i t i o n f o r a com­
p l e t e l y c o n t r o l l a b l e and c o m p l e t e l y o b s e r v a b l e l i n e a r d y n a m i c a l s y s t e m 
i s shown b e l o w : 
1/ 
0 
N o t i c e t h a t i f L.[\/} i s a c h a i n , t h e n X c X 1 o r X 1 c X and 
A o, c c ~ o 
c X1 o r X 1 c X . F u r t h e r m o r e , X 1 n X1 and X n X a r e p r o p e r A- < - o o ~ c c o C O c c 
- i n v a r i a n t s u b s p a c e s , i . e . , i f X 1 n X1 o r X n X i s an e l e m e n t of 
c o c o 
(l/J o r L [[/), t h e n i t i s e i t h e r 0 o r I/. 
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CHAPTER IV 
GENERALIZED CONTROLLABILITY SUBSPACES 
M-.l G e n e r a l i z e d S t a t e C o n t r o l l a b i l i t y Subspaces 
In C h a p t e r I I I we n o t i c e d t h a t t h e c o n c e p t of i n v a r i a n c e of a 
l i n e a r s u b s p a c e u n d e r a l i n e a r o p e r a t o r i s i n t i m a t e l y l i n k e d w i t h t h e 
i m p o r t a n t s t r u c t u r a l , p r o p e r t i e s of c o n t r o l l a b i l i t y and o b s e r v a b i l i t y of 
a l i n e a r d y n a m i c a l s y s t e m . In t h i s c h a p t e r , we w i l l c o n s i d e r a g e n ­
e r a l i z a t i o n of t h e c o n c e p t of i n v a r i a n c e by i n t r o d u c i n g two a d d i t i o n a l 
l a t t i c e s w i t h s p e c i a l s t r u c t u r e s : a l a t t i c e K(B) of i n v a r i a n t s u b s p a c e s 
of L(l/J which c o n t a i n s t h e l a t t i c e of A - i n v a r i a n t s u b s p a c e s 1.(1/) a s a 
ri 
s u b l a t t i c e ; and a l a t t i c e K(B) which a l s o c o n t a i n s L (I/) a s a s u b l a t t i c e 
ri 
and i s d u a l l y r e l a t e d t o / ( (B) . T h i s g e n e r a l i z a t i o n , c o n s e q u e n t l y l e a d s 
t o an e x t e n s i o n of t h e c o n t r o l l a b i l i t y and o b s e r v a b i l i t y s u b s p a c e s f o r 
t h e l i n e a r d y n a m i c a l s y s t e m ( S ) . A somewhat s i m i l a r e x t e n s i o n was i n ­
t r o d u c e d , i n a v e c t o r s p a c e s e t t i n g , by B a s i l e and Marro [ 6 ] and a l s o 
i n d e p e n d e n t l y by Wonham and Morse [ 6 8 ] and was s u c c e s s f u l l y u sed f o r t h e 
i d e n t i f i c a t i o n and c h a r a c t e r i z a t i o n of new t y p e s of c o n t r o l l a b i l i t y and 
o b s e r v a b i l i t y s u b s p a c e s such a s p e r f e c t o u t p u t c o n t r o l l a b i l i t y s u b s p a c e , 
f u n c t i o n a l o u t p u t c o n t r o l l a b i l i t y s u b s p a c e , unknown- inpu t s t a t e o b s e r v a ­
b i l i t y s u b s p a c e , and f u n c t i o n a l i n p u t o b s e r v a b i l i t y s u b s p a c e . These 
s u b s p a c e s and t h e i r a s s o c i a t e d p r o p e r t i e s were b r i e f l y d i s c u s s e d i n 
C h a p t e r I . In t h e l a t t e r p a r t of t h i s c h a p t e r , we w i l l c o n s i d e r some 
a p p l i c a t i o n s of t h e c o n c e p t of g e n e r a l i z e d i n v a r i a n c e and i t s u n d e r l y i n g 
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i m p l i c a t i o n s t o c e r t a i n f eedback c o m p e n s a t i o n p r o b l e m s . 
Let 
K(B) = {X e 1(1/): AX c X + R(B) f o r f i x e d l i n e a r o p e r a t o r s A and B} 
From t h i s d e f i n i t i o n , t h e f o l l o w i n g r e s u l t s a r e o b v i o u s : 
i . K(B) i s a l a t t i c e w i t h z e r o e l e m e n t Q and u n i t e l e m e n t I/. 
i i . I f R(B) = 0 , ' o r R(B) c X, t h e n K(B) = L̂(l/) . 
i i i . I f R(B) = I/, t h e n K(B) = L(l/). 
i v . I f X + R(B) = I/, t h e n X(B) =1(1/). 
v . I f X + R(B) e L̂(l/) , t h e n X e K(B). 
Theorem 4 . 1 . 1 . -K(B) i s c l o s e d unde r t h e j o i n o p e r a t i o n w i t h 
r e s p e c t t o _.((/) . 
Proof. Let X1}X_ e fC(B). Then we have 
A X 1 - X l + R ( B ) > 
AX_ c X2 + R(B), 
so t h a t 
AX1 + AX2 = A(X1+X2) c K± + X2 + R(B). 
Note t h a t K(-B) i s n o t c l o s e d unde r t h e meet o p e r a t i o n w i t h r e s p e c t t o 
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L[V) 9 i . e . , X , X 2 e /((B) does n o t n e c e s s a r i l y imply t h a t A ( X ^ n X 2 ) c 
( X ^ n X 2 ) + R(B) s i n c e A ( X ^ n X 2 ) i s n o t , i n g e n e r a l , a s u b s p a c e of X^ n X 2 , 
However, i f we assume X^ and X 2 t o be e l e m e n t s of t h e l a t t i c e L^[[/) f
t h e n K(B) w i l l be c l o s e d u n d e r b o t h t h e meet and j o i n o p e r a t i o n s w i t h 
r e s p e c t t o -(f). We w i l l f o r m a l i z e t h i s o b s e r v a t i o n i n t h e f o l l o w i n g 
theo rem whose s i m p l e p r o o f i s o m i t t e d . i 
Theorem 4 . 1 . 2 . /((B) c o n t a i n s _ A (I/) a s a s u b l a t t i c e . 
_ _ _ _ _ _ _ _ _ _ _ _ _ _ _ A. 
The f o l l o w i n g theo rem w i l l p r o v e u s e f u l i n t h e s t u d y of f e e d b a c k 
c o m p e n s a t i o n p r o b l e m s . 
Theorem 4 . 1 . 3 ( c f . [ 6 8 ] ) . Le t X e L ( l / ) . Then t h e r e e x i s t s a 
m a t r i x F such t h a t X e _'. i f f X e / ( (B) . 
n T D r 
In o r d e r t o p r o v e t h i s t h e o r e m , f i r s t we need a lemma. 
Lemma 4 . 1 . 1 [ 6 8 ] . Let e R n , g i c R m , i = 1 , 2 , . . . , k , and l e t 
H = ( h i s h 2 , . . . , h R ) , G = ( g i s g 2 , . . . , g R ) . Then t h e r e e x i s t s an m x n 
m a t r i x F such t h a t Flu = g , i = 1 , 2 , . . . , k , i f f W(H).c W(G). F a l w a y s 
e x i s t s i f t h e hu a r e l i n e a r l y i n d e p e n d e n t . 
P roof of Theorem 4 . 1 . 3 . Suppose X e K(B) and l e t { x ^ , x 2 , . . . , x ^ } 
be a b a s i s of X . Then Ax. = Bu. + w. f o r some u . e R m and w. e X . 
- l - l - l - l - i 
Choose t h e m x n m a t r i x F , by Lemma 4 . 1 . 1 such t h a t 
Fx. = - u . , i = l , 2 , . . . , k : 
- l - l 
t h e n 
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Ax. - B.u. = w. - i - i - l 
Ax. + B ( - u . ) '= w. - l - l - l 
Ax. + BFx. - w. - l - l - l 
(A+BF)x. = w. 
- l - l 
> i = l , 2 , . . . , k . 
Hence 
(A+BF)X c X . 
To p r o v e t h e n e c e s s a r y p a r t of t h e t h e o r e m , suppose t h a t t h e r e 
e x i s t s an m x n m a t r i x F such t h a t 
(A+BF)X c X . 
T h i s i m p l i e s t h a t 
Ax. + BFx. = w . , w. e X, i = l , 2 , . . . , k , - l - i - i ' - i . ' ' 
Ax. = -BFx. + w. . - l - l - l 
Ax. = B ( - F x . ) + w. . - l - l - l 
T h e r e f o r e , 
AX c R(B) + X , 
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i . e . , 
X € K(B) 
Theorem 1 . 1 . 1 . Suppose t h e m a t r i c e s B and F a r e f i x e d and l e t 
M £ 1(1/) . Then t h e s e t 
W = (X: X e LA+B_(l/) and X c M} 
i s c o n t a i n e d i n t h e s e t 
M V n /((B) 
Proof. Le t X. € W. Then X c M and X e MV. By Theorem 1 . 1 . 3 
X € ^ + B F ( ^ ) if ' and o n l y i f X e / ( (B) . Hence 
X e M V n K-(B). 
Theorem 1 . 1 . 5 . The s e t n / ( (B) , i f nonempty , h a s a maximal 
e l e m e n t . 
Proof. 'Let.X € M V n / ( (B) . ' I f X i s t h e o n l y e l e m e n t i n t h e 
s e t , t h e n X^ i s maximal . I f ^ - p ^ € ^ n ^ ^ B ^ » t h e n X^ + X • £ ' M ^ n /((B), 
s i n c e X ,X € and /((B) i s c l o s e d u n d e r t h e j o i n o p e r a t i o n w i t h 
r e s p e c t t o L (I/) . By i n d u c t i o n , M n /((B) h a s a maximal e l e m e n t £ X. , 
V i = l 1 
X^ € M n / ( (B) , i = 1 , 2 , . . . , k , f o r some f i n i t e k . 
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Next we i n t r o d u c e a n o t h e r l a t t i c e K (B) which i s d u a l l y r e l a t e d t o 
K ( B ) . 
Let . 
K(B) = {X € L ( l / ) : A[XnR(B)J e X f o r f i x e d l i n e a r o p e r a t o r s A and B } . 
From t h i s d e f i n i t i o n , t h e f o l l o w i n g r e s u l t s a r e o b v i o u s : 
i . K (B ) i s a l a t t i c e w i t h z e r o e l e m e n t 0 and u n i t e l e m e n t I/, 
i i . I f R(B) = 1/ o r R(B) c X, t h e n / ( (B) = CUv) . 
Theorem 4 . 1 . 6 . / ( (B) i s c l o s e d u n d e r t h e meet o p e r a t i o n w i t h 
r e s p e c t t o L ( l / j . 
P r o o f . Let X15X_ e / ( ( B ) . Then we have 
A(X1nR(B)] c Xp 
A(X2nR(B)) c X2, 
s o t h a t 
[A(X1nR(B)j] n [A(X 2nR(B)j] = A((X^X^nRtB)] c n Kr 
I t i s c l e a r t h a t , i n g e n e r a l , ^-|_»^ 2 £ / ( (B) does n o t n e c e s s a r i l y imply 
t h e r e l a t i o n s h i p A((X^+X ĴnRtB)] c X̂  + X_,  i n d i c a t i n g t h a t / ( (B) i s n o t 
c l o s e d unde r t h e j o i n o p e r a t i o n w i t h r e s p e c t t o L ( l / J . However , i f we 
r e s t r i c t X- and X t o be e l e m e n t s of t h e l a t t i c e L ( I / ) , t h e n / ( ( B ) , l i k e 
/ ( (B) , becomes c l o s e d under b o t h t h e meet and j o i n o p e r a t i o n s w i t h 
r e s p e c t t o 1 ( 1 / ) . We f o r m a l i z e t h i s s t a t e m e n t i n t h e f o l l o w i n g t h e o r e m 
whose s i m p l e p r o o f i s o m i t t e d . 
Theorem 4 . 1 . 7 . K(B) c o n t a i n s ./.'*(!/) a s a s u b l a t t i c e . 
I t f o l l o w s d i r e c t l y from Theorem 4 . 1 . 1 and Theorem 4 . 1 . 6 t h a t t h e 
s e t /C(B) u K(B) i s a s u b l a t t i c e of 1 (1 / ] i n which t h e meet and j o i n o p e r ­
a t i o n s a r e t h e same a s i n 1 ( 1 / ) . 
Now we w i l l c o n c e n t r a t e on f u r t h e r d e t a i l e d c h a r a c t e r i z a t i o n o f 
t h e l a t t i c e K(B) . 
a . I f X € t : ( V ) , t h e n X e K(B) f o r a l l R (B) . 
b . I f R(B) and X a r e 1 - d i m e n s i b n a l s u b s p a c e s , t h e n f o r a l l 
X A R ( B ) , A (XnR(B)) - A 0 c X and t h e c o n d i t i o n A (XnR (B)) c X does 
n o t h o l d i f and o n l y i f X = R(B) and R(B) 4 C (/)'.  ' 
c . I f R(B) i s a 1 - d i m e n s i o n a l s u b s p a c e and X i s a 2 - d i m e n s i o n a l 
s u b s p a c e , t h e n i f 
1 . R(B) c X and X 4 C[V) t h e n X 4 K ( B ) . In o t h e r w o r d s , i n 
Pi 
such a c a s e i f X e ( R ( B ) ) A , t h e n X 4 K ( B ) . 
2 . I f R(B) c X and R(B) e L*(!/j , t h e n X e K ( B ) . 
3 . I f R(B) i X and X n R(B) = 0, t h e n X e / ( (B) . As an impor ­
t a n t c o n s e q u e n c e of t h i s c a s e we o b s e r v e t h a t , i n g e n e r a l , i f R(B) ^ X , 
t h e n X e / ( (B) . i n o t h e r w o r d s , i f X i s a d i r e c t r e l a t i v e complement of 
R(B) r e l a t i v e t o some s p a c e , t h e n X e / ( (B) . 
We can summarize t h e above o b s e r v a t i o n s f o r a 1 - d i m e n s i o n a l s u b -





1. I f X e , t h e n X e K (B) f o r a l l R (B) . 
I f R(B) C X and R (B) e L*(l/J,. t h e n X e K ( B ) . 
I f R (B) £ X and X n R (B) = 0, t h e n X e K ( B ) . 
i v . 
Theorem 4 . 1 . 8 . Le t M e L (U) . The s e t M n K ( B ) , i f nonempty , 
has a min imal e l e m e n t . 
Proof. S i n c e 0 e and 0 e K ( B ) , 0 i s t h e min ima l e l e m e n t of 
t h e s e t M K ( B ) . The r e s t of t h e p r o o f i s s i m i l a r t o t h a t of Theorem 
4.1-5. 
In o r d e r t o e s t a b l i s h t h e r e l a t i o n s h i p be tween t h e l a t t i c e s K (B) 
and /C(.B), we need t h e f o l l o w i n g lemma: 
The c o n v e r s e p a r t o f t h e t h e o r e m can be p roved i n a s i m i l a r man­
n e r . 
Lemma 4 . 1 . 2 . For any K,V e L(l/) , AX C V i f f pj]/1 C. X 1 . 
Proof. Suppose AX C V and l e t y e ATV1 - {A T z : zeV1}. Then we 
have y = A T z f o r z e V1. S i n c e AX = {Ax: xeX} C V9 we have <z,Ax> = 0 . 
But <z,Ax> = <A^z,x> = 0 . T h i s i m p l i e s t h a t A T z e X 1 , hence y = 
A T z e X" Thus AX C V ̂ AJV1 C X 1 . 
Theorem 4 . 1 . 9 . IF AX C X + R ( B ) , t h e n A T X 1 n(R ( B ) ) 
Proof. BY Lemma 4 . 1 . 2 , AX C X + R (B ) . A T (X+R(B)} T C X 1 . BY 
Lemma 2 . 4 . 1 , 
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(X+R (B)) X . -= X 1 n ( R ( B ) ) 1 . 
Hence 
AX c X + R(B> A I f x 1 n ( R ( B ) ) 1 c X 1 
Theorem 4.1.10. I f A(XnR (B) ) c X , t h e n A T X T c X 1 + • ( R ( B ) ] 1 . 
Proof. By Lemma 4.1.2, A (X R(B)) c X => A T X X c ( X n R ( B ) ) 1 . By 
Lemma 2.4.1, 
(X R ( B ) } 1 = X 1 + ( R ( B ) ) 1 . 
Hence 
A (XnR(B)) c X = > A Y c X 1 + ( R ( B ) } 1 . 
Theorem 4.1.11. The l a t t i c e s K(B) and K(B) a r e d u a l l y i s o m o r ­
phic..,- ' 
Proof. T h i s r e s u l t f o l l o w s d i r e c t l y from t h e o n e - t o - o n e c o r r e ­
spondence e s t a b l i s h e d be tween K(B) and K(B) i n Theorem 4.1.9 and 
Theorem 4.1.10. , 
The n e x t t heo rem p r o v i d e s a method f o r comput ing t h e l e a s t 
e l e m e n t i n K(B) c o n t a i n i n g a g i v e n e l e m e n t of L (I/) . 
Theorem 4.1.12 ( c f . [ 6 ] ) . Suppose X e 1(1/) i s g i v e n and l e t 
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X = i n f { X : X e K ( B ) } e X A . 
m 
Then X = V ' . w h e r e V .. i s d e f i n e d by t h e f o l l o w i n g r e c u r s i v e r e l a -m n - l ' n - l . 
t i o n s h i p : 
^0 = X ' 
V.± = X + A ( / i _ 1 n R ( B ) ) , i = 1 , 2 , . . . , n - l . 
Proof. By s u c c e s s i v e e v a l u a t i o n we can e a s i l y show t h a t t h e 
above s e q u e n c e o f e l e m e n t s of t h e l a t t i c e i.•'(!/) i s e q u i v a l e n t t o t h e f o l ­
l o w i n g s e q u e n c e : 
y i = / i - l + A ( V i n R ( B ) ^ ' 1 = 1.2,-•-n-l' 
From t h i s s e q u e n c e i t f o l l o w s i m m e d i a t e l y t h a t 
V. -"<= v... 1 - 1 - 1 
X c i - 1 , 2 , . . . , n - l . 
I f f o r a c e r t a i n v a l u e of t h e i n d e x k , = t h e n = f ° r a H 
i S: k - 1 . To s e e t h i s c o n s i d e r 
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S i n c e 
But 
Hence 
k - 1 k k+1 
C o n t i n u i n g i n t h i s manner , we s e e t h a t V. - V, • ' '• 'for- a l l i St k - 1 . I t - ' 1 k - 1 
a l s o f o l l o w s t h a t 
s i n c e 
The above r e s u l t i n d i c a t e s t h e f a c t t h a t i f t h e d i m e n s i o n o f X i s a t 
l e a s t o n e , t h e n i n o r d e r t o f i n d a s u b s p a c e V. such t h a t V. e K(B) f o r 
some s p e c i f i e d o p e r a t o r A and R(B) e _ ( ( / ) , i t i s s u f f i c i e n t t o s t o p t h e 
s equence a t t h e t e r m /•• . • n - l 
To c o m p l e t e t h e p r o o f , we must, show t h a t 
X = i n f { X : X e K ( B ) } . m 
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That i s , we need t o show t h a t t h e r e does n o t e x i s t X^ £ X^ such t h a t 
and 
X__ £ K(B) 
x _ e x v . 
1 m 
To a c c o m p l i s h t h i s , we w i l l use a c o n t r a d i c t i o n a r g u m e n t . Suppose t h e r e 
e x i s t s X, such t h a t X. => X = V , A(X_nR(B) l c X_ , and X ' c X = V ,. 
1 1 - 0 ^ 1 y _ 1 1 m n - l 
Then 
V ? Y 0 + A(^on R ( B )) = V 
This i s o b v i o u s l y a c o n t r a d i c t i o n . 
Theorem 4 . 1 . 1 3 ( c f . [ 6 ] ) . Suppose X £ i s g i v e n and l e t 
m 
Then 
X = s u p { X : X e K ( B ) } £ X V . 
x = y 1 , , 




V. = X 1 + A T | / j . _ 1 n(R ( B . ) } ± , i = l , 2 , . . . , n - l 
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Proof. Th i s f o l l o w s from Lemma 4 . 1 . 2 , Theorem 4 . 1 . 9 , Theorem 
4 . 1 . 1 0 and Theorem 4 . 1 . 1 2 . 
The above t heo rem p r o v i d e s a method f o r c o n s t r u c t i n g a b a s i s f o r 
t h e g r e a t e s t e l e m e n t o f K(B) c o n t a i n e d i n a s p e c i f i e d e l e m e n t o f L[V] . 
As an example of how some o f t h e s e c o n c e p t s may be e f f i c i e n t l y 
a p p l i e d i n t h e s t u d y o f c o n t r o l s y s t e m s , n e x t we w i l l r e f o r m u l a t e and 
p r o v e a t heo rem due t o B a s i l e and Marro [ 6 ] . 
Theorem 4 . 1 . 1 4 ( c f . [ 6 ] ) . Given X e U.I/] , a t r a j e c t o r y o f t h e 
s y s t e m (S) s t a r t i n g from a p o i n t X q e X can be c o n t r o l l e d on X i n any 
f i n i t e i n t e r v a l of t i m e i f f 
x e X = sup{X: Xe/C(B)} e X V . . - o m 
Proof. Suppose X q e X^. S i n c e X^ £ K ( B ) , by Theorem 4 . 1 . 3 
t h e r e e x i s t s a m a t r i x F such 
Th i s i m p l i e s t h a t t h e r e e x i s t s a f eedback c o m p e n s a t i o n u ="Fx + Gv s u c h 
t h a t t h e t r a j e c t o r y can be c o n t r o l l e d on X. 
C o n v e r s e l y , i f t h e t r a j e c t o r y can a lways be c o n t r o l l e d on t h e 
s u b s p a c e X, t h e n t h e s y s t e m i s c o n t r o l l a b l e on X and t h e s e t of a l l c o n ­
t r o l l a b l e s t a t e s of t h e s y s t e m forms a s u b s p a c e X^ o f X. By t h e d e f i ­
n i t i o n o f a c o n t r o l l a b i l i t y s u b s p a c e , i t f o l l o w s t h a t X c X . 
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4 .2 Feedback Compensat ion 
In C h a p t e r I I I we showed t h a t i f f o r some s u b s p a c e X o f t h e s t a t e 
s p a c e of t h e s y s t e m (S) t h e c o n d i t i o n AX c X h o l d s , i . e . , i f t h e s u b -
s p a c e X I s A - i n v a r i a n t , t h e n we can a lways choose an i n p u t m a t r i x B such 
t h a t t h e s u b s p a c e X i s t h e (maximal ) c o n t r o l l a b l e s u b s p a c e o f t h e s t a t e 
s p a c e of t h e s y s t e m . For e x a m p l e , i t s u f f i c e s t o choose t h e i n p u t 
m a t r i x B such t h a t R(B) = X. 
Let us now assume t h a t X i s a s u b s p a c e of t h e s t a t e s p a c e of t h e 
s y s t e m (S) which is not A - i n v a r i a n t ; o t h e r w i s e , X i s a r b i t r a r y . The 
q u e s t i o n of i n t e r e s t t h e n i s : Can we f i n d an a p p r o p r i a t e s t a t e f eedback 
c o m p e n s a t i o n u ( t ) = F x ( t ) + G v ( t ) such t h a t t h e s u b s p a c e X becomes a 
c o n t r o l l a b l e s u b s p a c e of t h e s t a t e s p a c e of t h e s y s t e m ( S ' ) f o r some 
i n p u t m a t r i x BG? Now t h e s y s t e m ( S f ) i s g i v e n by t h e e q u a t i o n s 
x ( t ) = (A+BF)x( t ) + BGv(t ) 
- • (S») 
y ( t ) = (C+DF)x( t ) + DGy(t) . 
I t f o l l o w s i m m e d i a t e l y from t h e p r e c e d i n g d i s c u s s i o n t h a t X i s a 
c o n t r o l l a b l e s u b s p a c e o f t h e s t a t e s p a c e of t h e s y s t e m ( S ! ) f o r some i n ­
p u t m a t r i x BG i f and o n l y i f t h e r e e x i s t s a f e edback c o m p e n s a t i o n m a t r i x 
F such t h a t 
(A+BF)X c X, ( 4 . 1 ) 
i . e . , i f and on ly i f t h e r e e x i s t s a m a t r i x F such t h a t X e ^ _ n r ( 
ATD. 
73 
and x = R(BG). More s p e c i f i c a l l y , i f t h e i n p u t m a t r i x BG i s f i x e d , t h e n 
X i s a c o n t r o l l a b l e s u b s p a c e of t h e s t a t e s p a c e of t h e s y s t e m ( S ' ) i f 
and o n l y i f t h e c o n d i t i o n (4.1) h o l d s and X i s t h e s m a l l e s t ( A + B F ) -
i n v a r i a n t s u b s p a c e of 1/ which c o n t a i n s R(BG), i . e . , 
X = i n f { L * + B _ ( l / ) n ( R(BG)) A}. 
Thi s c o n d i t i o n can be more n e a t l y r e f o r m u l a t e d by n o t i n g t h a t R(BG) c 
R(B) and t h e f o l l o w i n g t h e o r e m . 
Theorem 4.2.1 ( c f . [ 6 8 ] ) . I f X = i r i f U " ( ( / ) n f R(B)) A} f o r some 
R(B) e ( R(B)) V, t h e n 
X = i n f { L * ( l / ) n ( R ( B ) n X ) A } # 
C o n v e r s e l y , i f 
X = i n f { _ ^ ( l / ) n ( R ( B ) n X } A > , 
t h e n t h e r e e x i s t s a m a t r i x G such t h a t 
X = i n f { L * ( l / ) n ( R ( B G ) ) A } . 
Proof. X = i n f { L ^ [ l / ) n ( R(B)) A> i m p l i e s R(B) c X so t h a t 
R(B) c R(B ) n X , 
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and t h u s 
X = -irif{/*[(/) n ( R ( B ) ) A } c i n f { r * ( l / ) n ( R ( B ) n X ) A } . 
To show t h e r e v e r s e i n c l u s i o n , n o t e t h a t s i n c e X e L ( I / ) , i . e . , AX g X , 
A (R(B )nX] c X ; 
and by i n d u c t i o n 
A j (R(B)nXj c X, j = 1 , 2 , . 
T h e r e f o r e , 
i n f { L * ( l / ) n ( R(B ) n X ) A } c X, 
Hence 
X = i n f { L * ( V ) n ( R(B ) n X ) A } 
To p r o v e t h e c o n v e r s e of t h e t h e o r e m , l e t b ^ , i = l , 2 , . . . , m , be 
t h e ith column of t h e m a t r i x B and l e t { x . . } , j = 1 , 2 , . . . , m ' , be a b a s i s 
of R(B) n X . Then 
m 
x . = I gi,bi, . j = 1 , 2 , . . . , m » , 
• 3 i = l 1 ] -
f o r s u i t a b l e g. .' where G = [ g . . ] i s an m x m1 m a t r i x . T h i s o b v i o u s l y 
-1 i : 
shows t h e e x i s t e n c e of G such t h a t 
X = i n f { l * ( l / ) n ( R ( B G ) ) A } . 
By t h e above t h e o r e m , i f f o r f i x e d m a t r i c e s A and B and a g i v e n 
s u b s p a c e X t h e r e e x i s t s a m a t r i x F such t h a t 
X = i n f { ^ + B r ( l / ) n ( R ( B ) n X ) A } , 
t h e n X i s c a l l e d a controllabilitysubspace of t h e p a i r ( A , B ) . Obse rve 
A A 
t h a t X = 0 and X = i n f { _ " ( l / ) n (R (B) ) } a r e c o n t r o l l a b i l i t y s u b s p a c e s . 
In o r d e r t o c h a r a c t e r i z e c o n t r o l l a b i l i t y s u b s p a c e s , we need t h e 
f o l l o w i n g lemmas. 
Lemma 4 . 2 . 1 . For a l l X e L[V), 
AX + R(B) = (A+BF)X + R ( B ) , 
where A, B, and F a r e f i x e d m a t r i c e s . 
•Proof. S i n c e AX + R(B) = AX + B(FX) + R(B) and B(FX) C R ( B ) , 
we have BFX + R(B) = R(B) and hence 
AX + R(B) = AX + BFX + R(B) = AX + R ( B ) . 
Lemma 4 . 2 . 2 . Le t X e L h + B F ^ ^ and X e X . Then 
X n R(B) + (A+BF )X •= X n (A~+R(B)), 
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where A, B, and F a r e f i x e d m a t r i c e s 
Proof. By Lemma 4 . 2 . 1 , 
AX + 'R(B) = (A+BF)X + R ( B ) , 
which i m p l i e s t h a t 
X n (AX + R ( B ) ) = X n [ ( A+BF)X + R(B)J 
S i n c e 1(1/) i s a modula r l a t t i c e , we have 
X n ( A X + R(B)) = X n C ( A + B F ) X + R ( B ) ] 
= (A+BF)X + X n R(B) 
Lemma 4 . 2 . 3 ( c f . [ 6 8 ] ) . I f X e _ " „ ( ( / ) , t h e n 
• • • •' ." — ATDI 
1 . , 
I (A+BF)-' 1 (R(B)nX) = X. , 
i = 1 , 2 , . . . , n , 
where 
x. = •<! 
i f I = 0 , 
[X n ( A X ^ + R C B ) ) i f i = l , 2 , . . . , n , 
( 4 . 3 ) 
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Proof. To p r o v e t h i s lemma we w i l l u se an i n d u c t i o n a rgument , 
E q u a t i o n ( 4 . 2 ) i s t r u e f o r i = 1 s i n c e 
I (A+BF )° (R (B )nX) = X 
j = l . 
(R(B)nX) = 
But from ( 4 . 3 ) , 
X- = X n (AX +R(B)1 : ± v o ' 
= X n (o+R(B) ) 
= X n R (B) . 
Now we assume t h a t ( 4 . 2 ) i s t r u e f o r k - 1 and show t h a t i t h o l d s f o r k, 
C o n s i d e r 
k - 1 . 
Y (A+BF) ] - L (R (B )nX l = X, . 
j = l k _ 1 
[ ( A + B F ) ° + ( A + B F ) 1 + ( A + B F ) 2 + . . . + (A+BF) k 2 ] ( R ( B ) n X ) = \ _ v 
M u l t i p l y i n g b o t h s i d e s of t h i s e q u a t i o n by (A+BF) we g e t 




J (A+BF) D ±[R(B)nX) = (A+BF )X k _ 1 < 
Adding (A+BF )° {R (B )nR (B)) t o b o t h s i d e s of t h i s e q u a t i o n y i e l d s 
k -_i 
I (A+BF) 3 ± ( R ( B ) n X ) - = (R(B)nX) + (A+BF)X, 
j = l k _ ± 
By Lemma 4.2.2, 
(R(B)nXJ + ( A + B F ) X k _ 1 = X n ( A X k _ 1 + R ( B ) ) . 
From ( 4 . 3 ) , 
X n ( A X ( k " 1 ) + R ( B ) ] = X ^ . 
T h e r e f o r e , 
k . 
I ( A + B F ) : ' " L (R ( B )nXJ = X ^ 
3=1 
Th i s c o m p l e t e s t h e p r o o f of t h e lemma. 
Theorem 4 . 2 . 2 ( c f . [ 6 8 ] ) . Le t X e _(•!/). Then X i s a c o n t r o l ­
l a b i l i t y s u b s p a c e of t h e p a i r (A,B) i f and o n l y i f X e K(B) and X = X , 
where X i s t h e min ima l s u b s p a c e such t h a t X = X n (AX + R(B ) ) . F u r t h e r ­
more , 
where 6 = d i m (X ) and 
X i = X n (AX _ •+£(_) ) , i = l , 2 , . . . , n . 
Proof. Suppose X e L(l/) i s a c o n t r o l l a b i l i t y subspa 
X = i n f { L * + B F ' [ l / ) n ( R ( B ) n X j A } . 
This i m p l i e s t h a t 
By Theorem 4 . 1 . 3 , 
AX c X + R ( B ) i f and o n l y i f X e L ' ^ B F ^ ) 
By Lemma 4 . 2 . 3 , 
X = I (A+BF) : 1 ( R ( B ) n X ) = X n = X 6 
C o n v e r s e l y , i f X = X , t h e n 
n 
X = I ( A + B F ) : " ± ( R ( B ) n X ) 
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f o r e v e r y F such t h a t (A+BF )X c X . 
I t r e m a i n s t o show t h a t X - X n (AX+R(B ) ] h a s t h e min ima l s o l u t i o n X 
By i n d u c t i o n on i i n 
. - X = X n (AX + R ( B ) ) , i = 1 , 2 , . . „ , n , 
i t i s s e e n t h a t X^ c X , i = 1 , 2 , . . . , f o r e v e r y s o l u t i o n X of 
X = X n ( A X + R(B ) ) , and t h a t t h e s e q u e n c e X^ i s monotone n o n d e c r e a s i n g . 
Hence , t h e r e e x i s t s a u < 6 such t h a t X^ = X^ f o r i ^ y , i n p a r t i c u l a r , 
X g - c X and X G s a t i s f i e s X = X n ( A X + R(B)). 
4 . 3 G e n e r a l i z e d Outpu t C o n t r o l l a b i l i t y S u b s p a c e s 
In t h i s s e c t i o n we w i l l p r e s e n t a c o m p l e t e c h a r a c t e r i z a t i o n of a 
c o n t r o l l a b l e o u t p u t s u b s p a c e of t h e o u t p u t s p a c e of t h e s y s t e m ( S ) . 
T h i s deve lopmen t i s r e l a t e d t o and b a s e d on t h e c o n c e p t of a c o n t r o l l a ­
b i l i t y s u b s p a c e d i s c u s s e d i n t h e p r e v i o u s s e c t i o n , and g e n e r a l i z e s t h e 
n o t i o n s of o u t p u t c o n t r o l l a b i l i t y and i n v a r i a n c e t r e a t e d i n S e c t i o n 3 . 2 
T h i s i d e a was o r i g i n a l l y i n t r o d u c e d by Morse [ 5 3 ] i n a v e c t o r s p a c e 
f ramework. Here we w i l l c o n s i d e r a l a t t i c e - t h e o r e t i c p r e s e n t a t i o n of 
h i s t h e o r y . As a m a t t e r of f a c t , we w i l l i m i t a t e ; h i s fo rma t of p r e s e n ­
t a t i o n . 
Let X , U, and V d e n o t e t h e s t a t e , i n p u t , and o u t p u t s p a c e s a s s o ­
c i a t e d w i t h t h e s y s t e m ( S ) . L i n e a r mappings and t h e i r m a t r i c e s w i l l be 
d e n o t e d by t h e same symbol . The n o t a t i o n {A |R(B).} i s d e f i n e d a s 
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{A | R( B) } .= i n f U * ( l / ) n ( R ( B ) ) A } . 
Let Z = X 9 /. 
Below we d e f i n e some l a t t i c e morph i sms , t h e l i n e a r mappings t h a t i n d u c e 
t h e s e morph i sms , and i n d i c a t e t h e i r p a r t i c u l a r a s s i g n m e n t s . 
TT i-(Z) • + L(X) P: Z X, z KPz, 
TT2: L[Z) H» .UV), Q: Z + z KQz, 
P d e n o t e s t h e p r o j e c t i o n of Z o n t o X a l o n g V. Q d e n o t e s t h e p r o j e c t i o n 
of Z o n t o / a l o n g X. 
a : L(X) + L ( Z ) , A: X Z, x [*Ax, 
a = aOir : L(Z) -* L(X) , A: Z + Z, z |+APz, 
3: L[U) •> L(Z) , B: U Z, u f*Bu, 
y : i-(X) L(Z) , C: X + Z, x f*Cx, 
Y = Y 0 ^ : L ( Z ) ^ L ( Z ) , C : Z ^ Z , z h C P z , 
5: L(U) L(Z) , D: a + Z, u > Du. 
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The f o l l o w i n g r e l a t i o n s h i p s a r e immedia te c o n s e q u e n c e s of t h e 
d e f i n i t i o n of t h e p r o j e c t i o n o p e r a t o r s P and Q: 
A = AP = PA, 
C = QC = CP, 
B = PB, 
D = QD. 
Below A, B, C, D and t h e i r e x t e n s i o n s A, B , C, D w i l l be d e n o t e d by t h e 
same symbols A, B , C, D. The i n t e r p r e t a t i o n , i n each i n s t a n c e , w i l l be 
c l e a r from t h e c o n t e x t . 
Now c o n s i d e r t h e f eedback c o n t r o l 
u ( t ) = F x ( t ) + Gw(t) , ( 4 . 4 ) 
where w e W e Ml/). I n c o n n e c t i o n w i t h t h i s c o n t r o l l a w , we d e f i n e t h e 
f o l l o w i n g l a t t i c e morphisms and l i n e a r mappings i n d u c i n g them: 
a: MW) + MU) , G: W + U, w l+Gw, 
<f>: MX) + MZ) , F : X + Z, x p-Fx, 
$ = (1>0- : MZ) ^ MU) , F : Z ^ U, z |+FPz. 
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The e x t e n d e d mapping F i s a s s o c i a t e d w i t h t h e m a t r i x F i n ( 4 . 4 ) , i . e . , 
F = FP. ( 4 . 5 ) 
The s y s t e m (S) u n d e r t h e i n f l u e n c e of t h e f e e d b a c k c o n t r o l law 
( 4 . 4 ) becomes 
x ( t ) = (A+BF)x( t ) + BGw(t) 
(S*) 
y ( t ) = (C+DF)x( t ) + DGw(t). 
The l a r g e s t s u b s p a c e X__ e X , X e 1 (I/) , which w can c o n t r o l i s 
g i v e n by 
X p = i n f { l * + B _ ( l / ) n (R ( B G ) ] A } . ( 4 . 6 ) 
I f f o r f i x e d A, B, and X c c X e 1 ( 1 / ) , a p a i r (F ,G) e x i s t s f o r which 
( 4 . 6 ) i s t r u e , t h e n i s c a l l e d a c o n t r o l l a b i l i t y s u b s p a c e . The 
e x i s t e n c e c o n d i t i o n f o r X__ i s g i v e n I n Theorem 4 . 2 . 2 . In t h e s y s t e m 
(S 5 ' {) we o b s e r v e t h a t t h e a p p l i c a t i o n of t h e f eedback c o n t r o l ( 4 . 4 ) t o 
t h e s y s t e m (S) a f f e c t s n o t o n l y s t a t e c o n t r o l l a b i l i t y , b u t o u t p u t c o n ­
t r o l l a b i l i t y a s w e l l . Thus i f V i s t h e l a r g e s t s u b s p a c e of V which w 
can c o m p l e t e l y c o n t r o l , t h e n c l e a r l y 
y = (C+DF)X + R(DG), ( 4 . 7 ) c c ' 
8 4 
w i t h X^ g i v e n by ( 4 . 6 ) . Hence , t h e c h a r a c t e r i z a t i o n of a c o n t r o l l a b l e 
o u t p u t s u b s p a c e r e d u c e s t o t h e f o l l o w i n g p r o b l e m : For f i x e d ^_»^» f i n d 
c o n d i t i o n s f o r t h e e x i s t e n c e of a p a i r ( F,G) and a s u b s p a c e X^ c 
X e L ( l / ) f o r which b o t h (4.6) and ( 4 . 7 ) a r e s a t i s f i e d . 
C o n d i t i o n s (4.6) and (4.7) can be s i m p l i f i e d . 
Lemma 4.3.1 ( c f . [ 5 3 ] ) . Let t h e l a t t i c e morphisms 
a = ao-rr •: L (Z ) -> L (Z ) , A: Z •> Z, 
3: L[U) -> L (Z ) , B: U -> Z 
be f i x e d and suppose A = AP. I f f o r f i x e d G, 
X E (PAlPR(BG)}, V = QAX + QR(BG), 
c 1 c c 
t h e n 
x = P{A|R(B) n (X +y )} , 
c 1 c c ' 
V = Q{A|R(B) n (X ) } . 
c 1 c c 
C o n v e r s e l y , i f X^ and Y a r e f i x e d s u b s p a c e s s a t i s f y i n g ( 4 . 9 ) , 
t h e r e e x i s t s a G f o r which ( 4 . 8 ) i s t r u e . 
Proof. From t h e r e l a t i o n A = AP f o l l o w t h e i d e n t i t i e s 
( 4 . 8 ) 
(4.9) 
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P { A | R ( £ G ) } 
Q { A | R ( B G ) } 
Let M = { A | R ( B G ) } and M = { A | R ( B ) n (X +V )}. 
• c c 
I f ( 4 . 8 ) i s t r u e , ( 4 . 1 0 ) p r o v i d e s X = PM and V = QM. Thus M c X + 
c c c 
V . But R(BG) c R(B) n M c R(B) n (X +V ) , so M c { A | R ( B ) n (X +y )} = c - ~ c c 1 c c 
W. Now R(B) n (X +V ) c X + / and i f W c X + X , AW c X + V . 
C C - C C " C c - c c 
Thus hi c X + V . Hence X = PM c pW c X and / C-QMC Q W C y , - c c c - - c c - - c 
T h e r e f o r e , 
X = Phi and V = QW. 
c c 
C o n v e r s e l y , i f ( 4 . 9 ) h o l d s , . X' = .PM and V - QM. By Theorem 
4 . 2 . 1 , t h e r e e x i s t s a G such t h a t M = { A | R ( B G ) } . I t f o l l o w s from t h i s 
and ( 4 . 1 0 ) t h a t ( 4 . 8 ) i s t r u e . 
R e c a l l i n g c o n s t r a i n t ( 4 . 5 ) and a p p l y i n g Lemma 4 . 3 . 1 w i t h 
A = (A+BF) + (C+DF), 
B = B + D, 
we can r e s t a t e t h e e x i s t e n c e p rob l em a s f o l l o w s : 
Let A , B , C, D, and Y c y be f i x e d . F ind t h e c o n d i t i o n s f o r t h e 
e x i s t e n c e of a l a t t i c e morphism 
= { P A | P R ( B G ) } 9 
( 4 . 1 0 ) 
= Q A { P A | P R ( B G ) } + Q R ( B G ) . 
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<t>: L{U) + L(Z) , F : U + 1 
and a s u b s p a c e W g Z such t h a t 
F = F P , 
yc - QW, 
W = (A+C+(B+D)F|R(B+D) n (PN+7 ) } . 
c 
I f F and W s a t i s f y i n g ( 4 . 1 1 ) - ( 4 . 1 3 ) e x i s t , w i l l be c a l l e d a 
c o n t r o l l a b l e o u t p u t s u b s p a c e of ( A , B , C , D ) . The s u b s p a c e X^ = PW w i l l 
be c a l l e d a generator of V . 
Let W(M) be t h e maximal c o n t r o l l a b i l i t y s u b s p a c e of t h e p a i r 
(A+B,C+D) c o n t a i n e d i n ' a f i x e d s u b s p a c e M c Z, i . e . , 
W(M) = sup i n f { ^ + c + ( B + D ) F | l / ) n (R(B+D)nW(M)) A} e M A , 
M c Z e 1(1/). Theorem 4 . 2 . 2 p r o v i d e s a p r o c e d u r e f o r d e t e r m i n i n g W(M). 
The s o l u t i o n t o t h e above e x i s t e n c e p rob lem i s now p r e s e n t e d . 
Theorem 4 . 3 . 1 ( c f . [ 5 3 ] ) . Le t ( A , B , C , D ) , X c X, and V ' c V be 
—— c - ' c _ 
f i x e d . Then i s a c o n t r o l l a b l e o u t p u t s u b s p a c e w i t h g e n e r a t o r X^ i f 
and o n l y i f 
( 4 . 1 1 ) 
( 4 . 1 2 ) 
( 4 . 1 3 ) 
V = QW(X + / ) , X = PW(X ) . c c c ' c c c ( 4 . 1 4 ) 
87 
Proof. I f V i s a c o n t r o l l a b l e o u t p u t s u b s p a c e w i t h g e n e r a t o r 
X , t h e n t h e r e e x i s t F and W s a t i s f y i n g (4.11)-(4.13) w i t h X = PW. c c 
T h u s , 
[ A + C + ( B + D ) F](X +y ) = [A+C+(B+D)F] ,PCX +V ) 
^ • ' c c v . J c c 
= ( A + C + ( B + D ) F ) W 
c u c x + y . 
- - c c 
That i s , (X +Y ) e l " n : / r > (I/) . But t h e c o n t r o l l a b i l i t y s u b s p a c e W ' c c A+C+(B+D)F _ J R 
i s maximal r e l a t i v e t o X .+ V , t h a t i s , W = W ( X +V ) and (4.14) i s 
c c c c 
t r u e . 
C o n v e r s e l y , i f (4.14) h o l d s , V w i l l be a c o n t r o l l a b l e o u t p u t 
s u b s p a c e w i t h X^ a s a g e n e r a t o r i f t h e r e e x i s t s a m a t r i x F s a t i s f y i n g 
(4.11) f o r which 
N(K +V ) =' {A+C+(B+D)F | R(B+D ) n (X +y )}. (4.15) 
c c 1 c c 
S i n c e W = ^(X^+y^) i s a c o n t r o l l a b i l i t y s u b s p a c e , by Theorem 4.2.2., 
( A + C)W c R ( B +D) + W , 
i . e . , 
W e K (B+D). 
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This and ( 4 . 1 4 ) p r o v i d e 
( A + C)X =• (A+C)W C R ( B +D) + W C R ( B + D ) + (X +/ ) . 
c - . ~ c c 
By Theorem 4 . 1 . 3 , t h e r e e x i s t s a m a t r i x F such t h a t 
( A + C + ( B + D ) F ] X C X + y . 
V ' C " c c 
I f F = FP , t h e n 
: [ A + C+(B+D ) F]CX +y ) = CA+C+(B+D )F]X C X + / , ^ J c c K } c " c c 
so t h a t 
I t i s c l e a r t h a t ( 4 . 1 5 ) h o l d s f o r t h i s c h o i c e o f F . I n a d d i t i o n , F; 
s a t i s f i e s ( 4 . 1 1 ) a s r e q u i r e d . 
I n g e n e r a l , a f i x e d o u t p u t c o n t r o l l a b l e s u b s p a c e may have many 
g e n e r a t o r s . I t i s u s e f u l , t h e r e f o r e , t o c h a r a c t e r i z e c o n t r o l l a b l e o u t ­
pu t s u b s p a c e s w i t h a h y p o t h e s i s i n v o l v i n g g e n e r a t o r s . T h i s i s e a s i l y 
a c c o m p l i s h e d . 
C o r o l l a r y 4 . 3 . 1 ( c f . [ 5 3 ] ) . Let ( A , B , C , D ) , / C y be f i x e d . 
Then / i s a c o n t r o l l a b l e o u t p u t s u b s p a c e i f and o n l y i f t h e r e e x i s t s a 
c o n t r o l l a b i l i t y s u b s p a c e N o f (A+ C , B+D) s uch t h a t 
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y = QW. (4.16) 
c 
I f ( 4 . 1 6 ) h o l d s , X E PW i s a g e n e r a t o r of V . 
' c & c 
Proof. N e c e s s i t y i s o b v i o u s . Take W = N(X_,+y_,) and a p p l y The ­
orem 4 . 3 . 1 . For s u f f i c i e n c y n o t e t h a t W c X + V . Thus W G W ( X +V ), 
J c c - c c • 
so 
y = QW c QW(X > c y 
c - c c c 
and 
X = PW c P W ( X + Y ) c X . c - c c c 
I t f o l l o w s t h a t X__ and -V s a t i s f y Theorem 4 . 3 . 1 w h i c h , i n t u r n , p ro ­
v i d e s t h e d e s i r e d r e s u l t . 
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CHAPTER V 
SOME STRUCTURE THEOREMS AND NONINTERACTING CONTROLS 
In t h i s c h a p t e r we w i l l p r e s e n t t h e l a t t i c e - t h e o r e t i c a n a l o g u e s 
a n d / o r e x t e n s i o n s of a number of e x i s t i n g r e s u l t s i n l i n e a r d y n a m i c a l 
s y s t e m s t h e o r y . T h i s c o l l e c t i o n r e p r e s e n t s a s m a l l s u b s e t of t h e t h e ­
o r e t i c a l and p r a c t i c a l a s p e c t s of l i n e a r s y s t e m s t o which ou r l a t t i c e -
t h e o r e t i c a p p r o a c h can be a p p l i e d . Here t h e manner of p r e s e n t a t i o n w i l l 
d i f f e r c o n s i d e r a b l y from p r e v i o u s c h a p t e r s i n t h a t h e r e we w i l l p r o v i d e 
o n l y t h e e s s e n t i a l d e f i n i t i o n s and t e r m i n o l o g y needed f o r t h e u n d e r ­
s t a n d i n g of t h e c o n c e p t s embodied i n t h e a s s e r t i o n s of t h e t h e o r e m s . 
No a t t e m p t h a s b e e n made t o c o n s t r u c t l a t t i c e - t h e o r e t i c p r o o f s f o r t h e 
t h e o r e m s o r e x p l o r e t h e i r i m p l i c a t i o n a l and a p p l i c a b i l i t y a s p e c t s i n 
t h i s c h a p t e r s i n c e t h i s , a l t h o u g h u n d o u b t e d l y f e a s i b l e , would exceed t h e 
scope of t h i s t h e s i s . 
The p r i m a r y o b j e c t i v e of i n c l u d i n g t h i s c h a p t e r i s t h r e e f o l d : 
1 . To r e i t e r a t e t h e a p p l i c a b i l i t y and u n i f y i n g p o t e n t i a l of 
o u r l a t t i c e - t h e o r e t i c a p p r o a c h t o a wide r a n g e of a n a l y s i s and s y n t h e s i s 
p r o b l e m s i n l i n e a r d y n a m i c a l s y s t e m s t h e o r y and a p p l i c a t i o n s . 
2 . To r e p o r t some i n t e r e s t i n g and u s e f u l r e c e n t r e s u l t s i n t h e 
l i t e r a t u r e of l i n e a r c o n t r o l s y s t e m s d i s c i p l i n e . 
3 . To p r o v i d e c h a l l e n g e , m o t i v a t i o n , and ample d i r e c t i o n s f o r 
f u r t h e r r e s e a r c h i n l a t t i c e - t h e o r e t i c c o n c e p t s i n t h e a r e a of l i n e a r 
c o n t r o l s y s t e m s . 
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I t i s i n d e e d i n t e r e s t i n g t o compare i n each c a s e o u r f o r m u l a t i o n 
w i t h t h e o r i g i n a l s t a t e m e n t of t h e c o n c e p t a p p e a r i n g i n t h e r e f e r e n c e 
i n d i c a t e d n e x t t o ou r t h e o r e m and e v a l u a t e t h e i r i n t u i t i v e a p p e a l and 
g e n e r a l i t y . 
5 . 1 Some New S t r u c t u r a l P r o p e r t i e s of L i n e a r 
T i m e - I n v a r i a n t Dynamica l Sys tems 
D e f i n i t i o n 5 . 1 . 1 . The l o c u s of t h e p o i n t s of t h e o u t p u t s u b s p a c e 
of t h e o u t p u t s p a c e o f t h e s y s t e m ( S ) , w i t h D = 0 , which can be k e p t 
c o n s t a n t f o r a f i n i t e t i m e i n t e r v a l by means of a s u i t a b l e c o n t r o l 
f u n c t i o n i s c a l l e d t h e constant output sub space and i s d e n o t e d by Y » 
The f o l l o w i n g t heo rem p r o v i d e s an e x p r e s s i o n f o r t h i s s u b s p a c e . 
Theorem 5 . 1 . 1 ( c f . [ 6 ] ) . 
y = cx, x = A + 
con 
(X +R(B)] n R(A) + W(A), 
+ 
where A d e n o t e s t h e p s e u d o i n v e r s e of A, and 
X_ = sup{X: XeK(B)} e (W(C)j 
I f t h e m a t r i x A i s n o n s i n g u l a r , t h e above e x p r e s s i o n f o r V can be 
& con 
w r i t t e n a s 
/ = CX, X = A _ 1 ( X +R(B)] . con ^ m J 
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D e f i n i t i o n 5 . 1 . 2 . A s u b s p a c e V 1 € L[V) i s s a i d t o be a perfect 
output controllability subspace with respect to the ith derivative i f 
t h e r e e x i s t s a t l e a s t a s u b s p a c e X ^ " ^ e 1(1/) such t h a t y^^ = C X ^ ^ and 
t h a t , f o r e v e r y i n i t i a l s t a t e x^ e X ^ \ i t i s p o s s i b l e , by means of 
p r o p e r bounded and m e a s u r a b l e c o n t r o l f u n c t i o n s , t o f o l l o w i n y^\ any 
t r a j e c t o r y a r b i t r a r i l y g i v e n i n t h e c l a s s of f u n c t i o n s which admi t ith 
d e r i v a t i v e w i t h r e s p e c t t o t i m e , w h i l e t h e s t a t e e v o l v e s on X ^ f . 
The f o l l o w i n g p r o p e r t i e s a r e d i r e c t c o n s e q u e n c e s of t h e above 
d e f i n i t i o n : 
1 . Every s u b s p a c e X^,"^ € L ( l / ) , c o r r e s p o n d i n g t o a s u b s p a c e of 
p e r f e c t o u t p u t c o n t r o l l a b i l i t y V^"^ i s an e l e m e n t of t h e l a t t i c e K ( B ) . 
2 . A s u b s p a c e of p e r f e c t o u t p u t c o n t r o l l a b i l i t y w i t h r e s p e c t t o 
t h e ith d e r i v a t i v e i s a s u b s p a c e of p e r f e c t o u t p u t c o n t r o l l a b i l i t y w i t h 
r e s p e c t t o t h e d e r i v a t i v e s of any o r d e r g r e a t e r t h a n i . 
3 . The sum of two s u b s p a c e s of p e r f e c t o u t p u t c o n t r o l l a b i l i t y 
w i t h r e s p e c t t o t h e ith d e r i v a t i v e i s a s u b s p a c e of p e r f e c t o u t p u t c o n ­
t r o l l a b i l i t y w i t h r e s p e c t t o t h e ith d e r i v a t i v e . 
Theorem 5 . 1 . 2 ( c f . [ 9 ] ) . An e l e m e n t X ^ of t h e l a t t i c e /((B) 
c o r r e s p o n d s i n t h e s t a t e s p a c e of t h e s y s t e m ( S ) , w i t h D = 0 , t o a s u b -
s p a c e y^n^ of p e r f e c t o u t p u t c o n t r o l l a b i l i t y w i t h r e s p e c t t o t h e nth 
d e r i v a t i v e i f f t h e f o l l o w i n g c o n d i t i o n h o l d s . 
X ( n ) c X ( n ) n X + N(C), 
where 
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X = inf{XnW(C)eK(B)} e (R ( B ) } \ 
The n e x t t heo rem p r o v i d e s an i t e r a t i v e p r o c e d u r e f o r comput ing 
t h e g r e a t e s t s u b s p a c e X^^ e K(B) c o n t a i n e d i n a g i v e n s u b s p a c e We Ml/) 
c o r r e s p o n d i n g t o a s u b s p a c e y^^ of p e r f e c t o u t p u t c o n t r o l l a b i l i t y i n 
t h e s e n s e of D e f i n i t i o n 5 . 1 . 2 . 
Theorem 5 . 1 . 3 ( c f . [ 9 ] ) . Given W e Ml/), t h e e l e m e n t 
X ( i ) = su P{X ( i ): X ( 1 ) e / ( ( B ) } . W V 
s a t i s f y i n g t h e c o n d i t i o n X ^ c X ^ n Z ^ -+N(C), where Ẑ  i s g i v e n by 
t h e r e c u r s i v e r e l a t i o n s h i p : 
z0 = ' R ( B ) , 
Z^. = --R(B)- + 'AUk_tlnX(l)'fvN(.C), k =l,2,...,i-l, 
i s t h e l a s t te rm'(X^^=S of t h e s e q u e n c e of e l e m e n t s of t h e l a t t i c e 
Ml/): 
5 = W 
Sk =".sup{5: SeK(B)} e [S^ n Z R + W ( C ) ) V , 
where Z . i s g i v e n by t h e r e c u r s i v e r e l a t i o n s h i p : 
K , 1—-L 
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Z. • - R ( B ) , k ,o » 
Z k , h = R ( B ) + A ( Z k , h - l 0 S k - 1 0 W ( C ) ) » h = l , 2 , . . . , i - l . 
D e f i n i t i o n 5 . 1 . 3 . A d y n a m i c a l s y s t e m i s completely unknown-
input state observable by means of differentiators i f i t i s p o s s i b l e t o 
d e t e r m i n e i t s s t a t e x ( t ) when an a r b i t r a r i l y s h o r t o u t p u t segment 
y ( x ) , T £ [ t , t + £ ] i s g i v e n . 
Note t h a t b e c a u s e of l i n e a r i t y , when u n k n o w n - i n p u t s t a t e o b s e r v a ­
b i l i t y by means of d i f f e r e n t i a t o r s i s n o t c o m p l e t e , i t i s g e n e r a l l y p o s ­
s i b l e t o o b s e r v e t h e o r t h o g o n a l p r o j e c t i o n of t h e s t a t e on a s u b s p a c e , 
w h i l e t h e complementa ry o r t h o g o n a l p r o j e c t i o n i s n o t o b s e r v a b l e a t a l l . 
Such a s u b s p a c e w i l l be c a l l e d subspace of unknown-input state observa­
bility by means of differentiators. 
D e f i n i t i o n 5 . 1 . 4 . A d y n a m i c a l s y s t e m i s invertible o r completely 
functionally input observable i f i t I s p o s s i b l e t o d e t e r m i n e i t s i n p u t 
u ( t ) when an a r b i t r a r i l y s h o r t o u t p u t segment y d ) , x e [ t , t + £ ] and t h e 
s t a t e x ( t ) a r e g i v e n . 
A g a i n , when f u n c t i o n a l i n p u t o b s e r v a b i l i t y i s n o t c o m p l e t e , o n l y 
t h e o r t h o g o n a l p r o j e c t i o n of t h e i n p u t on a s u b s p a c e , which w i l l be 
c a l l e d subspace of functional input observability\3 can be d e t e r m i n e d . 
Theorem 5 . 1 . 4 ( c f . [ 1 0 ] ) . The unknown- inpu t s t a t e o b s e r v a b i l i t y 
s u b s p a c e of t h e s t a t e s p a c e of t h e s y s t e m ( S ) , w i t h D = 0 , i s g i v e n by 
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X m = i n f { X : AT(XnW(BT)) c X } - R(C T). (5.1) 
By the duality relationship proved in Theorem 4.1.9 and Theorem 
4.1.10, it follows from the above theorem that the state can be recog­
nized within a vector on 
-X_ = sup{X: XeK(B)} e (W(C)JV 
since (R(B)j1 = W(BT) and (R(C T)) 1 = W(C) (see Lemma 3.1.1). 
Theorem 5.1,5 (cf. [10]). The functional input observability 
subspace of the state space of the system (S), with D = 0, is given by 
X_ = B TX , 
f m 
where X is given by (5.1). 
m 
Corollary 5.1.1 (cf. [10]). For the system (S), with D = 0, the 
subspace of unknown-input state unobservability by means of differenti­
ators is given by 
X^ = sup{X: XeK(B)} e (W(C))V (5.2) 
• - ~ r T ^ v 
= sup { X : XefC(B)} e (R(C j j 1 
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5 .2 N o n i n t e r a c t i o n , a n d D e c o u p l i n g Prob lems 
C o n s i d e r t h e s y s t e m ( S ) , w i t h D = 0 , i n t h e f o l l o w i n g n o n i n t e r -





z = A^z + B - j _ r + B 2X 
u - C-̂ z + D r + D 2 r 
X = Ax + Bu 
y = Cx 
C o n t r o l l e r C o n t r o l l e d System 
where t h e c o n t r o l l e r s t a t e z e R , where k and t h e m a t r i c e s o f a p p r o p r i ­
a t e o r d e r s A^, B ^ , B^s C^, D^, a r e c o m p l e t e l y a r b i t r a r y . 
D e f i n i t i o n 5 . 2 . 1 . Given a s e t o f s u b s p a c e s y ^ , . . . , y _ ^ o f t h e out ­
p u t s p a c e y, which i n t e r s e c t o n l y a t t h e o r i g i n , t h e c o n t r o l l e r shown 
i n t h e above f i g u r e i s s a i d t o be noninteracting on them i f f o r e v e r y 
i = 1 , 2 , p , s t a r t i n g from a r e s t c o n d i t i o n and v a r y i n g i n any way 
o n l y t h e I n p u t r . , an o u t p u t t r a j e c t o r y which c o m p l e t e l y b e l o n g s t o t h e 
s u b s p a c e y., i s o b t a i n e d . 
Le t x = | e R be an augmented s t a t e v e c t o r , which a c c o u n t s 
a l s o f o r t h e s t a t e v a r i a b l e s o f t h e c o n t r o l l e r . E q u a t i o n o f t h e c o n ­
t r o l l e d s y s t e m t o g e t h e r w i t h t h e e q u a t i o n s o f t h e c o n t r o l l e r can be 
w r i t t e n i n t h e compact form 
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x = Ax + Br 
(S ) 
y = cx , 
where t h e m a t r i c e s A, B, and C can be e a s i l y computed i n t e r m s o f t h e 
m a t r i c e s A, B, C, A, B.^, B~, D.^, D_. 
Theorem 5 . 2 . 1 ( c f . [ 8 ] ) . The s y s t e m (S) i s n o n i n t e r a c t i n g on 
t h e s u b s p a c e s . . S V i f f t h e f o l l o w i n g c o n d i t i o n h o l d s : 
CX c y,, i = 1 , 2 , . . . , p , 
w i t h 
X m = i n f { X : XEL*(l/J } e ( R ( B . . ) ) V , 
where B ^ , i = l , 2 , . . . , p , i s t h e p a r t i t i o n o f t h e columns o f t h e m a t r i x 
B c o r r e s p o n d i n g t o t h e p a r t i t i o n r ^ , i = l , 2 , . . . , p , o f t h e i n p u t v e c t o r 
Theorem 5 . 2 . 2 ( c f . [ 8 ] ) . For e v e r y o u t p u t s p a c e Z^ , i = 1 , 2 , 
I 
. . . , p , t h e g r e a t e s t s u b s p a c e Y^ <= Y^ which can be r e a c h e d by means o f 
t r a j e c t o r i e s c o m p l e t e l y b e l o n g i n g t o Y^ i s d e f i n e d by t h e f o l l o w i n g 
r e l a t i o n s h i p s : -
) ± = sup{X: XeK(B)} e (C"1JV.)V, 
X: = i n f { X : X e L * + B _ ( l / ) } 6 ( X 0 . n R ( B ) } A , 
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v\ = ex!, 
1 1 
wh , - 1 * e r e C = {y: C y e ^ } , and F i s any m a t r i x such t h a t (A+BF)X Q i e 
X n . . 
Oi 
C o r o l l a r y 5 . 2 . 1 ( c f . [ 8 ] ) . For t h e n o n i n t e r a c t i o n and c o m p l e t e 
c o n t r o l l a b i l i t y on t h e s u b s p a c e s V^, i = 1 , 2 , . . . , p , t h e c o n d i t i o n 
y\ - y. i s n e c e s s a r y . i . 
C o n s i d e r t h e o u t p u t e q u a t i o n 
y ( t ) = C x ( t ) , ( 5 . 3 ) 
w i t h 
c = 
where C^ i s of d i m e n s i o n p ^ x n , i = l , 2 , . . . , k , k >.2t and p ^ + p 2 + 
. . . + p^. = p . Then ( 5 . 3 ) can be w r i t t e n 
y i = C . x ( t ) , i = l , 2 , . . . , k , 
where y^ i s a p ^ - v e c t o r . That i s , t h e s y s t e m o u t p u t y c o n s i s t s o f k 





A l g e b r a i c a l l y , t h e s t r u c t u r e of y i s e q u i v a l e n t t o t h e a s s u m p t i o n 
y = v1 * v2 e ... $ yk, 
where i s t h e o u t p u t s u b s p a c e a s s o c i a t e d w i t h y ^ , i = l , 2 , . . . , k . 
The v e c t o r y^ may be r e g a r d e d as p h y s i c a l l y s i g n i f i c a n t g roups o f 
s c a l a r o u t p u t v a r i a b l e s . I t may t h e r e f o r e be d e s i r a b l e t o c o n t r o l com­
p l e t e l y each of t h e o u t p u t v e c t o r s y^ i n d i v i d u a l l y , w i t h o u t a f f e c t i n g 
t h e b e h a v i o r of t h e r e m a i n i n g y ^ , j l I . Th i s end i s t o be a c h i e v e d by 
l i n e a r s t a t e - v a r i a b l e f eedback t o g e t h e r w i t h t h e a s s i g n m e n t of a s u i t ­
a b l e group o f c o n t r o l i n p u t s t o each y ^ . That i s , i n t h e s y s t e m ( S ) , 
w i t h D = 0 , we s e t 
u = Fx + V G . v . . 
For v^ t o c o n t r o l y - c o m p l e t e l y , we must have 
y. = C.X. = R ( C . ) , i = 1 , 2 , . . . , k , ( 5 . 4 ) 
where 
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X. = i n f { L * + B F [ l / J n ( X . n R ( B G . ) ] A } , ( 5 . 5 ) 
i . e . , X_̂  i s t h e c o n t r o l l a b i l i t y s u b s p a c e of t h e p a i r (A+BF,BG^) a s s o c i ­
a t e d w i t h v . , i = l , 2 , . . . , k . S i n c e t h e ith c o n t r o l v . i s t o l e a v e t h e 
- 1 ' - l 
o u t p u t y_., j ± i , u n a f f e c t e d , we r e q u i r e a l s o 
= 0f j i i . ( 5 . 6 ) 
By Theorem 4 . 2 . 1 and t h e f a c t t h a t R(BF) c R(B) t h e e x p r e s s i o n s 
X = i n f { L ^ + B _ ( l / ) n ( R ( B F ) ] A } 
and 
X = i n f { L ^ + B F ( l / ) n (R ( B ) nX ) A > 
a r e e q u i v a l e n t . Us ing t h i s r e s u l t , we can s t a t e t h e d e c o u p l i n g p r o b l e m 
as f o l l o w s : Given A, B and W ( C ^ ) , . . . , ^ ( 0 ^ ) , f i n d a m a t r i x F and c o n ­
t r o l l a b i l i t y s u b s p a c e s X ^ j X ^ , . . . j X ^ , w i t h t h e p r o p e r t i e s 
X. = i n f U * + B F ( l / ) n ( R ( B ) n X . ) A > , i = l , . . . , k , ( 5 . 7 ) 
X i + W ( C i ) = l / , i = l , 2 , . . . , k , ( 5 . 8 ) 
X € ( n N(C ) ) v , i = 1 , 2 , . . . , k . ( 5 . 9 ) 
Here ( 5 . 8 ) and ( 5 . 9 ) a r e e q u i v a l e n t , r e s p e c t i v e l y , t o ( 5 . 4 ) and ( 5 . 6 ) . 
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Let 
X. = sup infa*+ B_(V) n ( R ( B ) n X . ) A ) e ( n W ( C . ) ) V . 
We now c o n s i d e r t h e d e t e r m i n a t i o n o f n e c e s s a r y and s u f f i c i e n t 
c o n d i t i o n s f o r t h e e x i s t e n c e o f a s o l u t i o n t o ( 5 . 7 ) - ( 5 . 9 ) i n two 
s p e c i a l c a s e s . 
1 . r ( C ) = n . Th i s a s s u m p t i o n i s e q u i v a l e n t t o 
n W(C.) = 0. 
i = l 1 
That i s , t h e r e i s a o n e - t o - o n e mapping of s t a t e v a r i a b l e s i n t o o u t p u t 
v a r i a b l e s . 
k 
Theorem 5 . 2 . 3 ( c f . [ 6 8 ] ) . I f n W(C. ) = 0, t h e n t h e p r o b l e m 
" : — " i = l X 
( 5 . 7 ) - ( 5 . 9 ) h a s a s o l u t i o n i f f 
X. + W(C.) = I / , i = l , . . . , k . 
l l 
2 . r ( B ) = k . Th i s a s s u m p t i o n i s e q u i v a l e n t t o 
d im[R(B) ] = k . 
Theorem 5 . 2 . 4 ( c f . [ 6 8 ] ) . I f d im[R(B) ] = k , t h e n t h e p r o b l e m 
( 5 . 7 ) - ( 5 . 9 ) h a s a s o l u t i o n i f f 
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X. + W(C.) = 1/, i = 1 , . . . , k , 
I I ' 
<j> = <J>OTT : L(ZJ -> L[U) 
k 
R(B) = T R ( B ) n X . . i i i 
F u r t h e r m o r e , i f F , R(X • ) , . . . , R ( X ^ ) i s any s o l u t i o n , t h e n 
X. = X . , i = 1 , 2 , . . . , k . 
1 1 ' 5 5 5 
R e c a l l t h a t t h e above d i s c u s s i o n of t h e s t a t e f eedback d e c o u p ­
l i n g o f o u t p u t v a r i a b l e s was e x c l u s i v e l y f o r t h e c a s e when D = 0 i n t h e 
s y s t e m ( S ) . However, i f D / 0 , t h e n u s i n g t h e r e s u l t s and n o t a t i o n o f 
S e c t i o n 4 . 3 and t h e n o t a t i o n i n t r o d u c e d a b o v e , t h e d e c o u p l i n g p r o b l e m 
f o r t h e s y s t e m (S) can be t r e a t e d as f o l l o w s . In t h i s c a s e t h e d e c o u p ­
l i n g r e q u i r e m e n t , i . e . , c h o o s i n g t h e m a t r i c e s F and G^ s o t h a t v^ can 
c o n t r o l y^ w i t h o u t i n f l u e n c i n g y_. f o r j i- i , d i c t a t e s t h a t 
X. = i n f { L A + B F ( V ) n ( R ( B G . ) A } ; R(BG.) e 1(1/), i = 1 , 2 , . . . , k , 
YL= (C+DF )X i + R ( D G i ) ; R(BG^) e L[V), i = 1 , 2 , . . . , k . 
The d e c o u p l i n g p rob l em can be s t a t e d a s f o l l o w s . 
F ind c o n d i t i o n s f o r . t h e e x i s t e n c e o f a l a t t i c e morphism 
and 
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and s u b s p a c e s W. , i = l , 2 , . . . , k , , such t h a t 
A/ i = i n f U A+C+(B+D)F (I/) ri (R ( B + D )nA / . )
A } , i = l , 2 , . . . , k , 
= QA/ i , k = l , 2 , . . . , k , 
w i t h t h e n o t a t i o n a s i n S e c t i o n 4 . 3 . 
The s o l u t i o n t o t h e d e c o u p l i n g p r o b l e m i s g i v e n i n t h e f o l l o w i n g 
t h e o r e m . 
Theorem 5 . 2 . 5 ( c f . [5 3 ] ) . I f d im [R (B+D)] = k , t h e n t h e s t a t e 
f eedback d e c o u p l i n g p rob l em h a s a s o l u t i o n i f f 
QA/ . ( / . +X ) 
I l 
I = 1 , 2 , . . . , k , 
and 
k 
R(B+D) = I 
i = l 
(R(B+D) n A / i ( / i + X ) ) . 
F u r t h e r m o r e , i f F , N 1 ' * ,W k i s any s o l u t i o n , t h e n 
i W . ( / i + X ) , i = l , 2 , . . . , k , 
where 
W.C/ .+X ) = sup i n f U 
i i . r A+C+(B+D)F 
((/) n ( R ( B + D ) n W i ( / i + X ) ) A } £ C ^ + X ^ , 
i = 1 , 2 , . . . , k . 
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CHAPTER VI 
CONCLUSIONS AND RECOMMENDATIONS 
In t h i s t h e s i s , f o r t h e p u r p o s e o f i n v e s t i g a t i n g some s t r u c t u r a l 
p r o p e r t i e s o f l i n e a r t i m e - i n v a r i a n t m u l t i v a r i a b l e d y n a m i c a l s y s t e m s from 
an e n t i r e l y d i f f e r e n t p e r s p e c t i v e , a f i n i t e - d i m e n s i o n a l l i n e a r v e c t o r 
s p a c e \I i s " r e p l a c e d " by a c o m p l e t e conp l emen ted a t o m i c modula r l a t t i c e , 
namely t h e l a t t i c e L[V) o f l i n e a r s u b s p a c e s of U, and s u b s e q u e n t l y i t i s 
shown t h a t t h i s p o i n t of view i s . c o n d u c i v e t o . t h e deve lopment o f a new 
t h e o r y f o r a c e r t a i n b r o a d c l a s s of l i n e a r d y n a m i c a l s y s t e m s . The 
s t r u c t u r e s and p r o p e r t i e s o f t h e s u b l a t t i c e L (I/) o f L ( ( / ] , • t h e l a t t i c e 
o f ' i n v a r i a n t s u b s p a c e s of I/, a r e shown t o be i n t i m a t e l y r e l a t e d w i t h 
many i m p o r t a n t c h a r a c t e r i s t i c s o f t h e s y s t e m 
x ( t ) = A _ ( t ) + B u ( t ) 
(S ) 
y ( t ) = C _ ( t ) + D u ( t ) . 
V a r i o u s s t r u c t u r e s o f t h e l a t t i c e s of i n v a r i a n t s u b s p a c e s of V 
w i t h r e s p e c t t o d i f f e r e n t t y p e s o f l i n e a r o p e r a t o r a r e i n v e s t i g a t e d and 
d e s c r i b e d . N e c e s s a r y and s u f f i c i e n t c o n d i t i o n s f o r t h e f i n i t e n e s s o f 
t h e s e l a t t i c e s a r e g i v e n and e x i s t e n c e o f l i n e a r o p e r a t o r s which g e n ­
e r a t e d e s i r e d s t r u c t u r e s o f i n v a r i a n t s u b s p a c e s i s d i s c u s s e d . P r o p e r ­
t i e s of t h e l a t t i c e o f i n v a r i a n t s u b s p a c e s a r e t h e n r e l a t e d t o s t a t e 
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c o n t r o l l a b i l i t y , o u t p u t c o n t r o l l a b i l i t y , and o b s e r v a b i l i t y p r o p e r t i e s 
of l i n e a r t i m e - i n v a r i a n t d y n a m i c a l s y s t e m s . In p a r t i c u l a r , t h e s e t o f 
i n p u t m a t r i c e s f o r which t h e s y s t e m (S) i s c o m p l e t e l y s t a t e c o n t r o l l a b l e 
and t h e s e t of o u t p u t m a t r i c e s f o r which t h e s y s t e m (S) i s c o m p l e t e l y 
o b s e r v a b l e a r e c h a r a c t e r i z e d i n t e r m s of t h e s u b l a t t i c e s o f ,_([ / ) . 
A l a t t i c e - t h e o r e t i c r e p r e s e n t a t i o n o f Ka lman ' s s t a t e s p a c e 
c a n o n i c a l d e c o m p o s i t i o n scheme i s g i v e n and some s t r u c t u r e s o f t h e 
a s s o c i a t e d l a t t i c e d i a g r a m a r e d i s c u s s e d . 
Some a d d i t i o n a l l a t t i c e s w i t h s p e c i a l s t r u c t u r e s t h a t c o n t a i n t h e 
l a t t i c e s o f i n v a r i a n t s u b s p a c e s as t h e i r s u b l a t t i c e s a r e i n t r o d u c e d . 
Using t h e p r o p e r t i e s o f t h e s e l a t t i c e s , g e n e r a l i z e d c o n t r o l l a b i l i t y and 
o b s e r v a b i l i t y c r i t e r i a a r e d e v e l o p e d and d e s c r i b e d . 
F i n a l l y , a p p l i c a t i o n o f t h e p r o p e r t i e s o f t h e s e l a t t i c e s t o 
p e r f e c t o u t p u t c o n t r o l l a b i l i t y , f u n c t i o n a l o u t p u t c o n t r o l l a b i l i t y , 
unknown- inpu t s t a t e o b s e r v a b i l i t y , f u n c t i o n a l i n p u t o b s e r v a b i l i t y , and 
feedback compensa t i on p r o b l e m s r e l a t e d : t o t h e d y n a m i c a l s y s t e m of 
i n t e r e s t a r e d e m o n s t r a t e d . 
Because o f t h e f a c t t h a t t h e " r e p l a c e m e n t " o f a f i n i t e -
d i m e n s i o n a l l i n e a r v e c t o r s p a c e by a c e r t a i n l a t t i c e c o n s t i t u t e s t h e 
b a s i s f o r ou r new a p p r o a c h , i t i s c o n c e i v a b l e t h a t most, o f t h e t h e o r y 
o f l i n e a r t i m e - i n v a r i a n t d y n a m i c a l s y s t e m s o r i g i n a l l y d e v e l o p e d on 
f i n i t e - d i m e n s i o n a l l i n e a r v e c t o r s p a c e s can be a n a l o g o u s l y t r e a t e d and 
p o s s i b l y g e n e r a l i z e d and e x t e n d e d "on l a t t i c e s " i n a n a t u r a l manner . 
This i s i n d e e d t h e c a s e and t h e r e s e a r c h work r e p o r t e d i n t h i s t h e s i s 
e s p e c i a l l y t h e b r o a d b r u s h t r e a t m e n t of many d i f f e r e n t c o n c e p t s p u l l e d 
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t o g e t h e r from v a r i o u s a r e a s o f l i n e a r d y n a m i c a l s y s t e m s t h e o r y i n 
C h a p t e r V b e a r s w i t n e s s t o t h i s f a c t . However, due t o t h e f a c t t h a t o u r 
l a t t i c e - t h e o r e t i c a p p r o a c h i s a t an embryon ic s t a g e o f d e v e l o p m e n t , t h e 
q u e s t i o n as t o how t h i s t h e o r y w i l l c o n t r i b u t e t o t h e i n v e s t i g a t i o n o f 
v a r i o u s a n a l y s i s and s y n t h e s i s p r o b l e m s i n l i n e a r d y n a m i c a l s y s t e m s 
r e m a i n s t o b e answered o n l y by l a r g e s c a l e r e s e a r c h i n t h i s a r e a . 
In a d d i t i o n t o o u r c l a i m t h a t a l m o s t any a s p e c t o f l i n e a r t i m e -
i n v a r i a n t d y n a m i c a l s y s t e m s can be s t u d i e d u s i n g o u r l a t t i c e - t h e o r e t i c 
a p p r o a c h , we w i l l e x p l i c i t l y s p e c i f y some p rob l ems f o r f u r t h e r i n v e s t i -
g a t i o n . These p rob l ems were u n c o v e r e d d u r i n g t h e c o u r s e of o u r r e s e a r c h 
and can be i n v e s t i g a t e d a s n a t u r a l e x t e n s i o n s o f some o f t h e c o n c e p t s 
d e v e l o p e d i n t h i s t h e s i s . 
1 . The s t r u c t u r e s and p r o p e r t i e s o f l a t t i c e s of l i n e a r s u b s p a c e s 
of an i n f i n i t e - d i m e n s i o n a l l i n e a r v e c t o r s p a c e can b e i n v e s t i g a t e d and 
l a t t i c e - t h e o r e t i c c h a r a c t e r i z a t i o n s o f t h e p r o p e r t i e s o f l i n e a r dynamical 
s y s t e m s w i t h i n f i n i t e - d i m e n s i o n a l s t a t e and o u t p u t s p a c e s d e v e l o p e d . 
This i s u n d o u b t e d l y a c h a l l e n g i n g p r o b l e m s i n c e i t seems t h a t v e r y l i t ­
t l e h a s been done on l a t t i c e s o f l i n e a r s u b s p a c e s o f an i n f i n i t e -
d i m e n s i o n a l l i n e a r v e c t o r s p a c e a n d , on t h e o t h e r h a n d , t h e s t a t e s p a c e 
t h e o r y of i n f i n i t e - d i m e n s i o n a l l i n e a r d y n a m i c a l s y s t e m s i s d e f i n i t e l y 
l a c k i n g a d e q u a t e s t r u c t u r e . 
2 . Because of t h e i n h e r e n t r e l a t i o n s h i p s among t h e s t r u c t u r e s 
of m a t r i c e s of l i n e a r o p e r a t o r s , t h e i r c h a r a c t e r i s t i c p o l y n o m i a l s , t h e i r 
e i g e n v a l u e s , and c e r t a i n r e l a t e d l i n e a r s p a c e s which have b e e n e x t e n ­
s i v e l y u sed i n t h e s t u d y o f l i n e a r d y n a m i c a l s y s t e m s , i t i s p o s s i b l e t o 
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d e v e l o p v a r i o u s s t r u c t u r e s o f t h e l a t t i c e o f l i n e a r s u b s p a c e s of a 
f i n i t e d i m e n s i o n a l l i n e a r v e c t o r s p a c e u s i n g a rgumen t s e s s e n t i a l l y b a s e d 
on t h e p r o p e r t i e s o f p o l y n o m i a l s . Th i s l i n e o f r e a s o n i n g t h e n can be 
used t o i n v e s t i g a t e v a r i o u s p r o b l e m s i n d i f f e r e n t a r e a s o f l i n e a r dynam­
i c a l s y s t e m s . S i n c e t h e t h e o r y o f p o l y n o m i a l s and r e l a t e d a r e a s a r e 
f u l l y d e v e l o p e d , t h i s a p p r o a c h seems v e r y p r o m i s i n g . 
3 . Us ing t h e l a t t i c e - t h e o r e t i c a p p r o a c h one can i n v e s t i g a t e some 
p r o p e r t i e s of c o m p o s i t e l i n e a r t i m e - i n v a r i a n t d y n a m i c a l s y s t e m s . Con­
t r o l l a b i l i t y and o b s e r v a b i l i t y o f t h e s e s y s t e m s which a r e formed by t h e 
i n t e r c o n n e c t i o n o f m u l t i v a r i a b l e s y s t e m s were f i r s t i n t r o d u c e d by 
G i l b e r t [ 2 9 ] i n 1 9 6 3 . S i n c e t h e n o t h e r a u t h o r s [ 1 1 , 2 2 , 4 9 ] have f u r t h e r 
i n v e s t i g a t e d v a r i o u s p r o p e r t i e s o f b o t h p a r a l l e l - c o n n e c t e d and t andem-
c o n n e c t e d c o m p o s i t e s y s t e m s u s i n g c o n v e n t i o n a l t r a n s f e r f u n c t i o n and 
v e c t o r s p a c e t e c h n i q u e s . I t seems t h a t o u r a p p r o a c h can be a p p l i e d t o 
t h e s t u d y o f t h i s p a r t i c u l a r c l a s s of s y s t e m s i n a f a i r l y s t r a i g h t f o r ­
ward manner . 
4 . In C h a p t e r IV two i m p o r t a n t s p e c i a l - s t r u c t u r e l a t t i c e s K(B) 
and K(B) b o t h o f which c o n t a i n t h e l a t t i c e o f i n v a r i a n t s u b s p a c e s LAV) 
A 
as a s u b l a t t i c e were d e v e l o p e d and t h e i r p r o p e r t i e s c h a r a c t e r i z e d . For 
t h e l a t t i c e L.[\J) Theorem 2 . 6 . 2 p r o v i d e s an a l g o r i t h m i c g e n e r a t i o n 
A 
scheme. I n v e s t i g a t i n g t h e p o s s i b i l i t y of d e v e l o p i n g s i m i l a r schemes f o r 
t h e l a t t i c e s . K ( B ) and X (B) might l e a d t o some i m p o r t a n t t h e o r e t i c a l and 
c o m p u t a t i o n a l r e s u l t s . 
5 . In C h a p t e r V we f o r m u l a t e d a number o f i m p o r t a n t c o n c e p t s . 
E s p e c i a l l y t h e n o n i n t e r a c t i o n c o n t r o l p r o b l e m and i t s r e l a t e d o f f s h o o t s 
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seem t o l e n d t h e m s e l v e s w e l l t o a l a t t i c e - t h e o r e t i c a n a l y s i s . Because 
of t h e i r g r e a t s i g n i f i c a n c e i n t h e a n a l y s i s and d e s i g n of modern c o n t r o l 
s y s t e m s , t h i s p a r t i c u l a r c l a s s of p r o b l e m s w a r r a n t s a good d e a l of 
r e s e a r c h . 
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APPENDIX 
Some Concep ts from L a t t i c e Theory 
For t h e p u r p o s e of ea sy r e f e r e n c e , we have c o l l e c t e d h e r e t h e 
d e f i n i t i o n s o f some m a t h e m a t i c a l t e r m s and some b a s i c t h e o r e m s from 
l a t t i c e t h e o r y which a p p e a r i n t h i s t h e s i s . For c o m p r e h e n s i v e t r e a t ­
ments of l a t t i c e t h e o r y r e f e r e n c e s [ 1 , 2 6 , 3 1 ] and [ 6 5 ] may b e c o n s u l t e d . 
D e f i n i t i o n 1 . A poset ( p a r t i a l l y o r d e r e d s e t ) , <P,_> i s a s e t P 
w i t h a b i n a r y r e l a t i o n c such t h a t f o r a l l x , y , z e P t h e f o l l o w i n g c o n ­
d i t i o n s h o l d . 
P I . x c x ( R e f l e x i v i t y ) 
P 2 . x c y , y c x x = y (An t i symmet ry ) 
P 3 . x c y , y c z ^ x c z ( T r a n s i t i v i t y ) 
I f x c y and x ? y , we w r i t e x c y 5 and say t h a t x i s " p r o p e r l y 
c o n t a i n e d " i n y . I t i s emphas i zed t h a t c i s n o t n e c e s s a r i l y s e t i n c l u ­
s i o n . <P,c> i s s i m p l y any s e t w i t h any r e l a t i o n t h a t i s r e f l e x i v e , 
a n t i s y m m e t r i c and t r a n s i t i v e . 
D e f i n i t i o n 2 . Le t <P 9S> be a p o s e t of e l e m e n t s x , y , . . . ; i f 
x c y and t h e r e i s no e l e m e n t m e P such t h a t x <- m c y we s a y t h a t y 
covers x and d e n o t e t h i s r e l a t i o n by x e y . 
D e f i n i t i o n 3 . A chain i s a p o s e t i n which f o r e a c h p a i r o f 
d i s t i n c t e l e m e n t s x , y we have e i t h e r x c y o r y c x . We n o t e t h a t any 
s u b s e t of a c h a i n i s i t s e l f a c h a i n and i s c a l l e d a subchain. 
110 
D e f i n i t i o n 4 . By a least element o f a s u b s e t S of a p o s e t P , we 
mean an e l e m e n t x e S such t h a t x . . m f o r a l l m e S. By a greatest 
element of S, we mean an e l e m e n t y e S such t h a t y =? m f o r a l l m e S. 
The un ique l e a s t and g r e a t e s t e l e m e n t s o f t h e whole p o s e t P , when t h e y 
e x i s t , a r e c a l l e d t h e universal bounds o r zero and unit elements o f P , 
and a r e d e n o t e d by 0 and I , r e s p e c t i v e l y . 
Thus a p o s e t P h a s u n i v e r s a l bounds 0 and I , i f f 0 c m c I f o r 
a l l m e P . 
The c o n c e p t s o f " l e a s t " and " g r e a t e s t " e l e m e n t s a r e d i f f e r e n t 
from t h e c o n c e p t s of " m i n i m a l " and "maximal" e l e m e n t s . A minimal ele­
ment o f a s u b s e t S of a p o s e t P i s an e l e m e n t x such t h a t m c x f o r no 
x e S; a maximal element i s d e f i n e d d u a l l y . C l e a r l y , a l e a s t e l e m e n t 
must be minimal and a g r e a t e s t e l e m e n t maximal , b u t t h e c o n v e r s e i s n o t 
t r u e . Whereas S can have many min ima l e l e m e n t s , i t can have o n l y one 
l e a s t e l e m e n t . For a c h a i n , . t h e n o t i o n s o f min imal and l e a s t (maximal 
and g r e a t e s t ) a r e e q u i v a l e n t . 
The c o n v e r s e of a b i n a r y r e l a t i o n p i s , by d e f i n i t i o n , t h e r e l a -
v v . v 
t i o n p such t h a t xpy ( r e a d , "x i s m t h e r e l a t i o n p t o y " ) I f and o n l y 
i f y p x . Thus t h e c o n v e r s e of t h e r e l a t i o n " i n c l u d e s " i s t h e r e l a t i o n 
" i s i n c l u d e d i n . " From i n s p e c t i o n of P1-P3 of D e f i n i t i o n 1 t h e f o l l o w ­
i n g t heo rem I s o b v i o u s . 
Theorem 1 ( D u a l i t y P r i n c i p l e ) . The c o n v e r s e o f any p a r t i a l o r ­
d e r i n g i s i t s e l f a p a r t i a l o r d e r i n g . 
Ill 
D e f i n i t i o n 5 . The dual of a p o s e t P i s t h a t p o s e t P d e f i n e d by 
t h e c o n v e r s e p a r t i a l o r d e r i n g r e l a t i o n on t h e same e l e m e n t s . 
D e f i n i t i o n 6 . By t h e length o f a f i n i t e c h a i n C c o n s i s t i n g o f n 
e l e m e n t s , i . e . , b e i n g o f t h e form x . c x~ . . . c x I s meant t h e n o n -
° 1 2 n 
n e g a t i v e i n t e g e r n , and t h e l e n g t h o f a c h a i n c o n s i s t i n g o f an i n f i n i t e 
number o f e l e m e n t s i s s y m b o l i z e d by °°. Then, t h e l e n g t h £ [ P ] o f t h e 
p o s e t P i s t h e l e n g t h of t h e supremum of t h e l e n g t h s o f a l l s u b c h a i n s 
i n P . 
D e f i n i t i o n 7 . In a p o s e t P o f f i n i t e l e n g t h w i t h a n u l l e l e m e n t 
0 , t h e height ov " d i m e n s i o n " h [ x ] o f an e l e m e n t x e P i s t h e supremum 
of t h e l e n g t h s o f t h e c h a i n s 0 = x^ <= x ^ <= . . . c = x be tween 0 and 
x . I f P h a s a u n i t e l e m e n t I , t h e n c l e a r l y h [ I ] = & [ P ] . 
D e f i n i t i o n 8. The •product P x Q of any two p o s e t s P and Q i s t h e 
s e t of a l l p a i r s ( x , y ) w i t h x e P , y e Q , p a r t i a l l y o r d e r e d by t h e r u l e 
t h a t ( x ^ , y ^ ) c ( x 2 , y 2 ) i f and o n l y i f x̂ ^ E x 2 i - n p and -y c y 2 i n Q. 
d e f i n i t i o n 9 . I f <L,c> i s a p o s e t such t h a t any two e l e m e n t s 
x , y e L have an infimum o r " m e e t , " x n y , t h e n <L,c> i s c a l l e d a meet 
semi-lattice. D u a l l y , i f any two e l e m e n t s x , y £ L have a supremum o r 
" j o i n , " x u y , t h e n <L,c> i s c a l l e d a joinsemi-lattice. I f t h e r e e x i s t 
b o t h x n y and x u y i n L , t h e n L i s c a l l e d a lattice. 
Theorem 2 . <L,u ,n> i s a l a t t i c e i f f f o r a l l x , y , z e L t h e f o l ­
l o w i n g c o n d i t i o n s h o l d : 
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L l . x n x = x, x u x = x ( I d e m p o t e n c y ) 
L 2 . x n y = y n x , x u y = y u x ( C o m m u t a t i v i t y ) 
L3. x n (yuz) = (xny) n z, x u (yuz) = (xuy) u z ( A s s o c i a t i v i t y ) 
L4. x n (xuy) = x u (xny) = x ( A b s o r p t i o n ) 
Moreover , x s y i s e q u i v a l e n t t o each of t h e f o l l o w i n g c o n d i ­
t i o n s : 
x n y = x and x u y = y ( C o n s i s t e n c y ) 
D e f i n i t i o n 1 0 . A nonempty s u b s e t S of e l e m e n t s o f a l a t t i c e L 
which c o n t a i n s t h e meet and j o i n o f any two of i t s e l e m e n t s , i . e . , 
x ,y € S i m p l i e s t h a t x n y € S and x u y e S , i s c a l l e d a sublattice 
o f L. 
D e f i n i t i o n 1 1 . A l a t t i c e i n which e v e r y s u b s e t h a s an i n f i n u m 
and a supremum i s c a l l e d a complete lattice. I t i s c l e a r t h a t any 
f i n i t e l a t t i c e o r any l a t t i c e o f f i n i t e l e n g t h i s c o m p l e t e . 
D e f i n i t i o n 1 2 . A l a t t i c e L i s modular i f i t s a t i s f i e s t h e f o l ­
l owing modula r i d e n t i t y : 
x c z i m p l i e s x u (ynz) = (xuy) n z, f o r a l l x ,y ,z e L 
Theorem 3 . A s u b l a t t i c e o f a modula r l a t t i c e i s m o d u l a r . 
D e f i n i t i o n 1 3 . A l a t t i c e L i s distributive i f i t s a t i s f i e s b o t h 
of t h e f o l l o w i n g d i s t r i b u t i v e i d e n t i t i e s : 
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x n (yuz) = (xny) u (xnz), 
x u-(ynz) = (xuy) n (xuz), f o r a l l x,y,z e L. 
Theorem 4 . Every s u b l a t t i c e o f a d i s t r i b u t i v e l a t t i c e i s d i s ­
t r i b u t i v e . 
Theorem 5 . Any c h a i n i s a d i s t r i b u t i v e l a t t i c e . 
Theorem 6 . The d i r e c t p r o d u c t L n x L x . . . x L of t h e l a t t i c e s — r 1 2 n 
L.,L_,...,L is a distributive lattice iff each L., i = l , 2 , . . . , n is 
1 2 n i 
d i s t r i b u t i v e . 
D e f i n i t i o n 14 . For any p a i r of comparab le e l e m e n t s m,n o f a 
. l a t t i c e L where m e n , t h e s u b s e t S o f L c o n s i s t i n g o f a l l e l e m e n t s 
x,m c x c n , i s c a l l e d t h e interval [ m , n ] . 
D e f i n i t i o n 1 5 . Le t x be an e l e m e n t o f t h e i n t e r v a l [m,nD o f a 
l a t t i c e L; i f an e l e m e n t y e x i s t s i n L such t h a t x n y = m, x u y = n , 
t h e n y i s c a l l e d a complement of x r e l a t i v e t o t h e i n t e r v a l [ m , n ] . We 
n o t e t h a t such a y must b e l o n g t o t h e i n t e r v a l , b e c a u s e m = x n y c 
x u y = n ; and t h a t t h e r e l a t i o n i s s y m m e t r i c , x b e i n g a complement o f 
y r e l a t i v e t o t h e i n t e r v a l . 
D e f i n i t i o n 1 6 . I f e v e r y e l e m e n t x o f an i n t e r v a l [m,n_ h a s one 
complement r e l a t i v e t o [ m , n ] , t h e i n t e r v a l i s s a i d t o b e complemented. 
I f e v e r y i n t e r v a l i n a l a t t i c e i s complemented , t h e l a t t i c e i s s a i d t o 
be relatively complemented. 
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D e f i n i t i o n 1 7 . Le t x be an e l e m e n t o f a l a t t i c e L w i t h z e r o 
e l e m e n t 0 and u n i t e l e m e n t I . I f . t h e r e e x i s t s i n L an e l e m e n t y such 
t h a t x n y = 0 and x u y = I , t h e n y i s c a l l e d a complement o f x . 
D e f i n i t i o n 1 8 . I f an e l e m e n t x o f a l a t t i c e L w i t h 0 and I h a s 
a t l e a s t one complement , t h e l a t t i c e I s s a i d t o be complemented. I t 
f o l l o w s t h a t a r e l a t i v e l y complemented l a t t i c e w i t h 0 and I i s comple ­
men ted ; b u t a complemented l a t t i c e n e e ' d ' n o t be r e l a t i v e l y complemented, 
D e f i n i t i o n 1 9 . A complemented d i s t r i b u t i v e l a t t i c e i s c a l l e d a 
Boolean algebra. 
D e f i n i t i o n 2 0 . An e l e m e n t x o f a l a t t i c e L i s s a i d t o be meet-
reducible i f e l e m e n t s m and n . c a n be found i n L such t h a t x = m n n 
w i t h m x , n x . I f such e l e m e n t s c a n n o t be f o u n d , x i s s a i d t o be 
meet-irreducible. I f e l e m e n t s p and q e x i s t i n L such t h a t x = p u q 
w i t h p c x , q <= x-, t h e n x i s s a i d t o be join-reducible y o t h e r w i s e join-
irreducible. 
D e f i n i t i o n 2 1 . If, i n a l a t t i c e L , x = n x . , x , x . e L, l = 1 , ' i ' ' l ' ' i = l n 
2 , . . . , n , where x . a r e a l l m e e t - i r r e d u c i b l e and x = n x . , t h e n x . i s 
. i . o i 1 
n i=2 
s a i d t o be redundant i n t h e d e c o m p o s i t i o n x = n x . . I f no x . i s r e -
i = i 1 
d u n d a n t , t h e d e c o m p o s i t i o n i s s a i d t o be without redundancy. 
n 
D u a l l y , i f i n a l a t t i c e L, x = u y . , x , y . e L , i = l , 2 , . . . , n , 
i = l n 1 
where y^ a r e a l l j o i n - i r r e d u c i b l e and x = u y^,, i s s a i d t o b e r e -
n i=2 
dundan t i n t h e d e c o m p o s i t i o n x = u y . . . I f no y . i s r e d u n d a n t , t h e 
i = l 
d e c o m p o s i t i o n i s s a i d t o be w i t h o u t r e d u n d a n c y . 
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D e f i n i t i o n 2 2 . A non-empty s u b s e t X of a l a t t i c e L i s c a l l e d an 
ideal o f L i f f t h e f o l l o w i n g c o n d i t i o n s a r e s a t i s f i e d : 
1 . x , y £ X i m p l i e s x u y e X. 
2 . x e X, z e L imply x n z e X. 
D e f i n i t i o n 2 3 . A non-empty s u b s e t Y o f a l a t t i c e L i s c a l l e d a 
dual ideal o r filter of L i f f t h e f o l l o w i n g c o n d i t i o n s h o l d : 
1 . x , y £ Y i m p l i e s x n y £ Y. 
2 . x £ Y, z £ L imply x U z £ Y. 
D e f i n i t i o n 2 4 . Le t m be an a r b i t r a r y e l e m e n t o f a l a t t i c e L. 
Then t h e s u b s e t s X = {x£L: xcm} and Y = {y£L: y?m} a r e c a l l e d t h e 
principal ideal and t h e dual principal ideal o f L, r e s p e c t i v e l y , g e n -
V A 
e r a t e d by m. X and Y a r e d e n o t e d by m and m , r e s p e c t i v e l y . 
Theorem 7. In a f i n i t e l a t t i c e e v e r y i d e a l i s p r i n c i p a l . 
Theorem 8. In a l a t t i c e o f f i n i t e l e n g t h e v e r y i d e a l i s p r i n c i ­
p a l . 
D e f i n i t i o n 2 5 . Let L^ and be l a t t i c e s and a a mapping of L^ 
i n t o L^' I f f o r a l l x , y £ L^ we have i n a ( x n y ) = a ( x ) n a ( y ) , t h e n a 
i s s a i d t o preserve meets and i s c a l l e d a meet-homomorphism. I f f o r a l l 
x , y £ L^ we have i n L^, a ( x u y ) = a ( x ) u a ( y ) , t h e n i s s a i d t o preserve 
joins and i s c a l l e d a join-homomorphism. I f a p r e s e r v e s b o t h meets 
and j o i n s , i t i s c a l l e d a lattice homomorphism. I f i s t h e same l a t ­
t i c e as L , t h e homomorphism i s c a l l e d an endomorphism. 
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Theorem 9 . - The homomorphic image H o f a l a t t i c e L^ u n d e r 
a : L^ -*• i s a s u b l a t t i c e o f L j . 
D e f i n i t i o n 2 6 . I f a l a t t i c e homomorphism a : L^ L 2 i s b o t h 
o n e - t o - o n e and o n t o , t h e n i t i s c a l l e d an isomorphism. I f i s t h e 
same l a t t i c e as L^ , a i s c a l l e d an automorphism. 
D e f i n i t i o n 2 7 . Let P , ?^ be p o s e t s and l e t a b e a mapping o f 
P^ i n t o P^ such t h a t i f x c y i n P , t h e n a ( x ) 5 a ( y ) i n P 2 ; a i s s a i d 
t o preserve order. 
Theorem 1 0 . Any l a t t i c e homomorphism p r e s e r v e s o r d e r . 
D e f i n i t i o n 2 8 . A l a t t i c e L w i t h 0 and I i s c a l l e d orthooomple-
mented when t h e r e i s a mapping x l^x1 o f L i n t o i t s e l f s a t i s f y i n g t h e 
f o l l o w i n g t h r e e c o n d i t i o n s . 
1 . x 1 i s a complement o f x . 
n . , . 1 1 
2 . x c y i m p l i e s x _> y . 
3 . x 1 1 = x f o r e v e r y x . 
We c a l l x 1 t h e o r thocomplemen t o f x . When x _ y 1 we s a y t h a t x 
and y a r e o r t h o g o n a l and w r i t e x 1 y . 
By c o n d i t i o n s 2 and 3 o f D e f i n i t i o n 2 8 , t h e o r t h o c o m p l e m e n t a t i o n 
x j-̂ x1 i s a d u a l i somorph i sm of L o n t o i t s e l f . Hence L and i t s d u a l L 
a r e i s o m o r p h i c by t h e o r t h o c o m p l e m e n t a t i o n . From t h i s f a c t we have 
0 1 - I , I 1 = 0 , ( x u y ) 1 = x 1 n y 1 , and ( x n y ) 1 = x 1 u y 1 . 
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1 , 1 . 1 i x u x = (x nx) = 0 = I . 
C o n d i t i o n 1 o f D e f i n i t i o n 28 may be r e p l a c e d by x n x 1 = 0 , s i n c e 
t h i s i m p l i e s 
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